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MINIMUM MODULUS THEOREMS FOR 
FUNCTIONS REGULAR IN THE UNIT CIRCLE 


By C. N. LINDEN (Swansea) 
[Received 10 September 1959] 


Part I 
1. Introduction 
Let f(x) be non-negative for all large x and let 


f(x) = inf h-"f(a+h). (1.1) 
h>0 


Bounds to the function f,(x) have been established by Hayman and 
Stewart (1) who have proved the theorem: 


THEOREM A. Suppose that f(x) and its derivatives up to order n—1 
are non-negative and that f-(x) is a non-decreasing convex function 
forx > Xy. If « > 0, let E denote the set of x in (X,0) for which 


Fr(@) < (1+ e)(e/n)"f (x). (1.2) 

Then, if Ex denotes the subset of E contained in the interval (Xo, X), we 

have lim inf X-11(Ex) > Cle,n) > 0, (1.3) 
xX—o@ 


where I(Ex) is the measure of the set Ex. 


Hayman (2) has made application of Theorem A in examining the 
minimum modulus of integral functions. In this paper I shall be con- 
cerned not with integral functions which are regular everywhere in the 
finite part of the plane, but with functions regular only for |z| < 1. 
Thus in place of f,,(2) I shall consider 


9,(1,r) = inf (R—r)-"g(R), 
r<R<1 


where g(r) is a non-negative function defined for ry < r < 1. 

In Part I, I shall deduce Theorem | for g,,(1,7) from the correspond- 
ing Theorem A quoted above for f,(x) and then compare the results of 
the two theorems. In Part II, I shall use Theorem 1 in an examination 
of the minimum modulus of functions regular for |z| <1, making 
applications of the methods used by Hayman (2) in his consideration 
of integral functions. 

Throughout the paper C represents a positive constant not necessarily 
taking the same value at each occurrence and possibly depending on 
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one or more parameters which are generally indicated. Suffixes are 
used to distinguish distinct values C when this is desirable. We denote 
the measure of a set & of points on the real axis by U(é). 


2. Upper bounds to the function g,,(1,r) will be given by the theorem: 


THEOREM 1. Suppose that g(r) and its derivatives up to order n—1 are 
non-negative and that g"-(r) is a non-decreasing convex function for 
T% <r<l. Givene > 0, let &,;, denote the set of values r in the interval 
(t, (t-+k)/(1+k)) at which 


e\" ~~ n! ae 
n(l7) <(1+e)(5) >, pian (2.1) 
Then, if 1/k = 1/k(e,n) and 1—r, are sufficiently small positive numbers, 
16,4) > Cle, n\(1—), (2.2) 
forrg <t< 1. 


If a function f(x) satisfies the hypothesis of Theorem A, then f(-)(z) 
has left and right derivatives which are equal except on an enumerable 
set, and each of these derivatives is a non-decreasing function of x. In 
the proof of Theorem A, f(x) was used to denote the left derivative of 
f@-(a), and I adopt the same notation here writing g™(r) for the left 
derivative of g-)(r). 

We deduce Theorem | as a corollary of Theorem A. Let us put 





r = a/(1+a) (2.3) 
and’ F(x) = (ia) = g(r). (2.4) 
Then, if g(r-+h) = F(a+H), 

we have rth — 4 

so that h= feet reer 


It follows that 
g,(i,r) = inf h-"g(r+h) 


0<h<1-r 
= int H-"*F(2+H)(1+2+A)"(1+2)". (2.5) 
We shall assume for the moment that the function 
fla) = Fla)(1+a)" (2.6) 
satisfies the hypothesis of Theorem A. Then 
In(1,7) < (1+<€)(e/n)"f™(x)(1+-a)” (2.7) 


for a set of values r which, by (2.3), correspond to the set of values Z 











~ 
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of Theorem A. Now by (2.3), (2.4); and (2.6) we have that, if m <n 
then d\™ 
oma) = [ane )"forn—ry-%} 


— . (n—P)! m Pp) —r)Pptm—n 
* x ial Ci g(r) i—r) (2.8) 
the latter equality being established by induction on m. Hence writing 
m = n in (2.8) we obtain (2.1) from (2.7). 

Let E’ denote the set of values r in the interval (r,, 1) for which (2.1) is 
valid, and let £,,, and &,,, denote the subsets of EZ’ in (ro, (t+-k)/(1+-4)) 
and (t, (¢+-k)/(1+-k)) respectively. Then, since EH’ is transformed by (2.3) 
into the set H of Theorem A, (1.3) implies that 

liminf = [a 2dr > C(e,n) = C > 0, 
t1 


Eur 


and, if 1—+# is sufficiently small, 


Ck(i—t) < { G=r)-* dr 


Ent 


< [a 2 dr+ | a-n- 2dr 


uk 
<2 (1—t)-?+-(1+-4)?(1—t)-*U(6,,). 
Hence UE.) > (Ck—1)(1+k)-*(1—2), 


and (2.2) follows since, if C > 0, we can choose k depending on C so 
that Ck—1 > 0. 

In order to complete the proof of Theorem 1 we must show that the 
function f(x) defined by (2.6) satisfies the hypothesis of Theorem A. 
The equation (2.8) and the hypothesis of Theorem 1 show that f(x) and 
all its derivatives up to order n—1 are non-negative. Further the func- 
tion f-(x) can be differentiated on the right and left, and the two 
derivatives are equal except on an enumerable set. In particular the 
left derivative f(x) is non-negative since g(r),..., g(r) are all non- 
negative, and this implies that f(x) is a non-decreasing function 
of x. We prove that f‘-(x) is convex by proving that f(x) is a non- 
decreasing function of x. 


Let us write D = f™(x.)—f™(x,), 


where x, < x2, and suppose that r,, r, correspond respectively to z,, 2, 
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under the transformation (2.3). We shall see that D > 0. According 
to (2.8) with m = n we have 


Dam > 5 "ea\ ny —arN0—nP) 


F' 
>> pint r»)(1—r2)” —g(r,) s PC (1—r)!(r r.—r,)?-} — 
—g™(r,) x "O(1—re)(re—1,)"* 


since g(r) is a non-decreasing function of r. Collecting together coeffi- 
cients of (1—r,)” we rewrite this inequality as 


a-2 » 
D Mm (1—rg)?| gr di P+8)(p 2.9 
> 25 rs) ae > Sag ih (2.9) 


By Taylor’s theorem we see that, for a given p (0 <p <n—l), 
there exists M such that g™(r,) < M < g(r.) and 





— i= ice 
g(r -"5 & er Pe er 


a 
>> ny 1) 0+9(r, 


It follows that each of the n terms in the summation on the right-hand 
side of (2.9) is non-negative, and so D > 0 as required. 


3. In Theorem A we see that the right-hand side of (1.2) contains 
the derivative f(x) but no other term depending on f(x), whereas the 
right-hand side of (2.1) in Theorem 1 consists of the sum of multiples 
of g(r), g@-Y(r)(1—r)-,..., g(r)(1—r)-”. Consequently we might in- 
quire whether (2.1) may be replaced by an inequality of the form 


9n(1,r) << Cgy™(r). 


Theorem 2 shows that this is not possible in general and that any 
upper bound to g,(1,7) must contain both of the terms g™(r) and 


g(r)(1—r)-™ 


THEOREM 2. (i) If g(r) = —log(1—r), then as r increases to 1 we have 
9,(1,7) ~ (l—r)-"g(r) (3.1) 
and (1—r)P-"g(r) = of(1—r)-"g(r)}, (3.2) 


forl<p<n 








Ve 
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(ii) Lf g(r) = exp{(1—r)-}, then ds r increases to 1 we have 
gn(lar) ~ (E)" gr) (3.3) 

and (1—r)P-"g)(r) = ofg™(r)}, (3.4) | 
for0 <p<n-l. 

Proof. (i) If p > 1, then 

g(r) = (p—1)1—r)*. 

Hence (l—r)P-"g®(r) = (p—1)!(1—r)-*, 


and we have (3.2) forl <p <n. 
If 0 <h < 1—,, then 


—h-"log(1—r—h) > —(1—r)-"log(1—r), 


and therefore g,(1,r) > (1—r)-"g(r). (3.5) 
On the other hand suppose that 0 < @ < 1 and set 
h = (1—8@)(1—r). 
Then, if « > 0, 
9n(1,7) < —(1—8)-"(1—r)-"{log 0+ log(1—r)} 
< (I+€)(1—r)-"g(r) (3.6) 


provided that (1—@)-" < 1+e and r >71,(6). Since « can be chosen 
arbitrarily small, (3.1) follows from (3.5) and (3.6). 


(ii) We estimate g,(1,r) by obtaining the minimum value of the 
function G(h) = h-"g(r-+h) 
when 0 <A < 1—r. At the stationary values of G(h) we have 


m 9th) _ (1_y_ny-, 





hh g(r+h) 
and it is seen that, as r > 1—0, G(h) has a minimum value for 
h ~ n(1—r)?. 


Thus 
g,(1,7r) = inf h-"g(r-+h) ~ (e/n)"(1—r)-*" exp{(1—r)-}}, 
0<h<l-r 


and we have (3.3). 
The relation (3.4) is easily verified since 


(1—r)P-"g®(r) ~ (l—r)-?-"g(r) = ofg™(r)}, 


as r > 1—0 when 0 <p < n—l. 
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Part II 
4. The association which exists between the minimum modulus 
Br, f) = main if(z)) 
and the maximum modulus 


M(r,f) = max |f(z)| 


of a function f(z) regular for |z| < R has been considered by several 
authors. In particular, when 2 is infinite, f(z) represents an integral 
function, and Hayman (2) has shown that for such functions we have 





log u(r, f) 

lim eo —2?-19. 4.1 
ae jog Mr, f )log log log M(r, f ) (4.1) 
If the order p = limsup a ae 


is finite, (4.1) can be sharpened to 


log u(r, f) 
tim —C —o, 4.2 
2BUP eMC) > TC) > 2 (4.2) 
and both results are best-possible. 
We shall be concerned here with the case in which R is finite and 
we shall consider functions f(z) regular for |z! < 1. If we define 


; log log M(r, f ) 
= ] ties Sear. sent AS IB 
p eco e —log(1—r) 
as the order of f(z) in |z| <1, then it has been shown (3) that, if 
1<B<o, then 
; log u(r, f) 
lim s = —C(B) > —o, 4.3 
pas log M(r,f )log log M(r,f ) af a>. ai 
and that this result cannot be improved in general. We shall now prove 
that, whenever f(z) is of infinite order in |z| < 1, we can replace C(B) 
by an arbitrary positive constant, and (4.3) still remains true. Further, 
if the rate of growth of M(r,/f) is sufficiently rapid, the relation between 
u(r, f) and M(r,f) can be sharpened and an inequality of the form (4.1) 
is again valid. We prove the theorems: 





THEOREM 3. If f(z) is regular and of infinite order in |\z| < 1, then 


log u(r, f) 
== Q. 4.4 
— wf log M(r, f log log M(r,f) (4.4) 
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THEOREM 4. Suppose that f(z) is*regular in |z| < 1 and that 
‘ log log log M(r,f) 
] = 4.5 
—a °° «A ates 
where0 <<a <a. Then we have 
log u(r, f) l 
I —C(1+-}. 4.6 
pons log M(r,f )log log log M(r, f) 2 ( +;) ines 
It should be noted that, although o is finite in (4.5), the limit on the 
left-hand side may be infinite. Further the inequality (4.6) cannot be 
sharpened in general since Hayman (2) has given examples of functions 
regular in |z| < 1 for which the maximum modulus increases arbitrarily 
rapidly as r > 1—0 and for which 
log u(r, f) < —Clog M(r,f log log log M(r,f), 
where C is an absolute positive constant. 








5. In verifying the inequalities (4.1) and (4.2) Hayman (2) has 
written the function w(z) = log |f(z)| as 
u(z) = u(z,h)—N(z, h), (5.1) 


h 
where N(z,h) = [ tne, t) dt, 
ry 


and n(z,t) is the number of zeros of the function f(é) in the circle 
'z—&| <t. Hayman has also defined 


Byr,f) = | (r— BU, f dt, 
0 


where Bit, f) = log M(t, f). 

We use this notation in quoting the following results from his paper (2): 
THEOREM B. Suppose that f(z) is regular for |\z| < R <o, f(0) = 1 
and that 0 <r < R. Then there exist positive constants n, C,, and C, 

such that n < 1 and, for |z| = r, h = n( R—r) we have 
u(z,$h) > —C\(R—r)-*B,(R,f), (5.2) 
n(z,h) < O,(R—r)-*B,(R,f). (5.3) 
Lemma A. Suppose that r > 0, h > 0 and that for |z| = r we have 


n(z,h) <p. Then there exists a set & of p for which r < p < r+-th and 
having measure at least th such that, for p in & and |z| = p, 


C(r+h) 





N(z, $h) < ny log 


h 
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According to the above definitions we have 


BY(r,f) = { Bf)dt, — BP(r,f) = Ber, f). 
0 


It is readily seen that, if f(0) = 1, then BY (r,f), BY(r,f), and B,(r,f) 
are non-negative, non-decreasing functions of r and that 


BP (r,f) => BY(r,f) => B,(r,f), 
for 0 <r <1. For convenience we shall generally write 
B,(r,f) = B,(r), BY(r,f) = BY(r), ete. 


6. Hayman (2) has combined Theorem A with Theorem B and 
Lemma A to obtain lower bounds to |f(z)| on a certain set of circles 
when f(z) is an integral function. We combine the corresponding 
Theorem 1 with Theorem B and Lemma A to prove the following lemma 
for functions regular in |z| < 1. 


Lemma 1. Suppose that f(z) is regular and non-constant for \z| <1 
and that f(0) = 1. Then there is a positive constant k such that in each 
interval (t, (t+-k)/(1+k)), where ty <t < 1, there is a set of r of measure 
at least C,(1—t) such that 


log | f(z)| > —CP(r)log Bay (6.1) 
2 





on |\z| = r, where 
P(r) = BP(r)+2(1—r)-*BYy(r)+2(1—r)*B,(r). 


We note that, when n = 2, the function g(r) = B,(r) satisfies the 
hypothesis of Theorem 1 since B,(r), BYY(r), and BY(r) are all non- 
negative, and BY(r) = log M(r,f) is an increasing function of r. It 
follows that, if we take « = 1 and n = 2, the constant k of Theorem 1 
is an absolute constant, and we have that, if ft, < ¢ < 1, then in each 
interval (t, (t+-k)/(1+-4)) there is a set &,, of r having measure at least 
C(1—t) suck that, for the corresponding values R, 


(R—r)-*B,(R) < fe? P(r). (6.2) 
Since f(z) is regular for |z| < R <1, the application of Theorem B 
sites n(z,h) < C,(R—r)-*B,(R) < °C, P(r), 


on |z| = r, where h = »(R—r) and 0 < y < 1. Lemma A now yields 
N(z, th) < 4eC, P(r)loge < —CP(r)log(R—r) (6.3) 


on |z| = p for a set of p in (r,r+4h) of measure at least }h. 














ON MINIMUM MODULUS THEOREMS 9 
We consider a value p for which (6.3) holds on |z| = p. Then 
r<p<r+thh 
and R—p > R—r—th = (R—r)(1—4n) > 4(R—-7). 
A second application of Theorem B to the function f(z) shows that on 
|z| = p we have 
u(z, $h’) > —C,(R—p)-*B,(R) 
> —4C,(R—r)B,(R) 
> —CPir) 
for h’ = y(R—p). Since u(z,h) is a non-decreasing function of h, we 
Some u(z, th) > u(z, th’) > —CP(r), 
and hence u(z) = ulz, $h)—N(z, $h) > CP(r)log( R—r) (6.4) 
on |z| = p, by (6.3). 
The inequality (6.2) gives 


(R—r)-? < fe? P(r) < jer Pl) (6.5) 


B,(R) B,(p) 
since both the functions P(r) and B,(r) increase with r. Hence com- 
bining (6.4) with (6.5) we have 


u(z) > —CPi(r)log int 
2 


so that u(z) > —CP(p)log ne , (6.6) 
. 2 











on |z| = p. 

We complete the proof of Lemma 1 by showing that the set of p in 
(t, (t+-k)/(1+-%)) for which (6.6) holds has measure at least C(1—1?). 
The proof is that of Hayman (2). The first of the inequalities (6.5) 
shows that R—r has a positive lower bound, say 5, when 

t<r <(t+h)/(1+4). 

We choose a sequence of intervals (r,,, R,,) such that 

(i) R=t<7,< RB <.. <7, < BB, < ty <...; 

(ii) r, lies in the set &,, of r for which (6.2) holds and R,, is the 
corresponding value R for n > 0; 

(iii) the measure of the part of &,, in (R,,17,,,,) is less than 6 for n > 0. 

Let N be the largest integer such that ry < (t+k)/(1+k). Then the 
measure of that part of &,, in the intervals (R,,7r,,,) belonging to 
(t, (t+-k)/(1+-&)) is at most (N+1)8, and the total measure of &,, is 
at most 


(V+1)8-+ ¥ (Ry—rq) = (V+IB4L, 
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say. Now, by hypothesis, R,,—r, > 8, so that 1 > Né and the measure 
of &,;, is at most (24+ N-1)l. However, &,, has measure at least C(1—t) 
by Theorem 1, and hence / > C(1—+?). 

The inequality (6.6) holds for a set of p of measure at ieast }(R,,—r,) 
in each interval (r,,, R,,). Hence the values p in the interval 


(t, (t+-&)/(1+)) 
for which (6.6) holds on |z| = p have measure at least }/ > C(1—+t). 
This is equivalent to the statement of Lemma 1. 


7. We shall deduce Theorem 3 from Lemma 1 by obtaining upper 
bounds to the functions P(r) and P(r)/B,(r) which occur in the right- 
hand side of (6.1). We consider first the function P(r) obtaining upper 
bounds when B,(r) is fairly large, proving the lemma: 

Lemma 2. If f(z) is regular and of infinite order in |\z| < 1, then, for 
each K > 1, there is a sequence of values t increasing to 1 such that 

B,(t) > (1—t)-* (7.1) 
and P(r) < C(k) BP (r) (7.2) 
fort <r < (t+k)/(1+4). 

The proof of Lemma 2 is based on two lemmas. The first of these is 

Lemma 3. If f(z) is regular and of infinite order in |z| < 1, then, for 
each K > 0, there is a sequence of values + increasing to 1 such that 








B,(r) > (1—7)-* (7.3) 
BY)(r) K 
and Bar) -" — (7.4) 


We begin by showing that 
lim — _log B,(r) 
r+i-0 —log(l—r) 


If (7.5) is false, there are finite constants A and C such that 
B,(r) < A(1—r)-© 
for 0 <r <1. However, by definition, 





(7.5) 


B,(r) > { (~—nBeae > }(1—r)?B(2r—1) 


2r—1 
since B,(¢) is an increasing function of t. Hence 
log M(2r—1) = B(2r—1) < 2A(1—r)-©-?, 
and f(z) is of finite order, contrary to the hypothesis of Lemma 3. 
Therefore (7.5) must be true. 
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By (7.5) we have that, for any constant K, there is a sequence of 
values r increasing to 1 such that 


B,(r) > (l—r)**, (7.6) 
Consequently, for some value ¢ in the interval (0,7), 
BY (t) - 2K 








B,(t) ~ 1-t’ 
For, if not, m 
log B,(r) = ( B22 ae < —2K log(1—r), 
B,(t) 
which contradicts (7.6). 
If BY(r) K 
Byr) > 1’ a, 


then (7.4) is satisfied, and (7.6) implies (7.3) with 7 =r. If (7.7) is 
false, we define an interval (r’,r) such that 














BYr')  —-K 
Br’) 1—r’ 
(1) q 
and Bb) K . 
B,(t) ~ 1—t 
for r’ <t<r. Then, by integration we have 
log Byr) < Klog — f K log —.- 


It follows from (7.6) that 
log B,(r’) > log B,(r)+ K log(l—r) > —K log(1—r). 
Thus, if r increases to 1, the corresponding value r’ tends to 1, and we 
have further log B,(r’) > —K log(1—r’). 
We have proved that, for the given value r, the inequalities (7.3) 
and (7.4) are both valid either with 7 = r or with r = r’. The sequence 
of values r increases to 1, and the sequence of values r’, when it exists, 


tends to 1. Hence we can select a sequence of values 7 increasing to 
1 for which (7.3) and (7.4) are true simultaneously. 


8. In this section we prove the lemma: 
Lemma 4. If f(z) is regular and of infinite order in |z| < 1, then, for 
each K > 0, there is a sequence of values T increasing to 1 for which 
BY(T) > (1—T)-*, (8.1) 
(1—T)?B2(T) > K{(1—T)BY(T) + B,(T)}. (8.2) 
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Consider a value 7 for which (7.3) and (7.4) hold. Then there is a 
value r in the interval (0,7) such that 


BP (r) > $K{(1—r)- BY(r) + (1—r)*B,(r)}. (8.3) 
For, if not, integration over the range (0,7) gives 
BY (7) < $K(1—7)-1B,(7), 


which contradicts (7.4). 
If (8.3) holds with r = 7, then (8.2) is true with 7 = 7 and K re- 
placed by 4K; so is (8.1) since (7.3) implies 


BY(r) > B,(r) > (l—r)-¥ > (1—7)-**. 


Thus, we have the required inequalities with a change of notation. 
If (8.3) is false when r = 7, we define an interval (7,7) such that 
(8.3) is false for T’ << r <7 and 


BY(T) = 4K{((1— 7) BY(T)+(1—T)2B,(T)}. (8.4) 
By integration we have 


BY (r)— BP(T) < 4K{(1—7)-1B,(7)—(1—T) 7 B,(T)}, 


and therefore BT) > BY?(7)—}K(1—7)1By(r) 
> $By"(r) 
> $B,(7) 
> (1-7) *, 
by (7.3) and (7.4). It follows that, if 7 increases to 1, then 7’ must tend 
to 1 and, choosing 1—7r sufficiently small, we have 
BY(T) > (l—7)4¥ > (1—T)-#*. (8.5) 


The inequalities (8.4) and (8.5) give (8.1) and (8.2) with A again 
replaced by 4K. This substitution can be made without any loss of 
generality, and we have (8.1) and (8.2) for a sequence of 7’ increasing 
to 1. 


9. In the proof of Lemma 2 we consider the function 
BY (r)+(1—r)B,(r) 
BP(r) 
supposing that r > 7', where T' is a value for which (8.1) and (8.2) are 
true. Then, since BY(r) and Bf)(r) are both increasing functions of r, 


Q(r) = 
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the Taylor series gives 
BY (r)+(1—r) 7 B,(r) 
< BY(T)+(r—T) BP (r)+(1—r)-{B,(T)+(r—T) BP (r)} 
= BY(T)+(1—T)B,(T)+ 
+(r—T){BR(r)-+(1—r) 7 BY(r) + (1—r) (1 — 7) 1B, (7)} 
< BY(T)Q(T)+(r—T) BY (r){1+-(1—r)7Q(r)}. 





Hence Qlr) < QT) -+(r—T){1+(1—r)2Q(r)}. 
Now (8.2) shows that 
qr) <*5* <i-7 


since K > 1, and, if we suppose that 
T <r <}(3T+1), 


r—T 
<> 
l—r <3 


so that QO(r) < 3{1—T+r—T} < 3(1—T) < 4(1—1). 
We define a sequence of values {7;} such that 
T%=T and T;,,=}(37;+1) fori = 0,1,2.,.... 
Repeating the above argument we find that, if r lies in the interval 


(7;, T;1), then Q(r) < 4*(1—r). (9.1) 
By definition we have 

Ty44 = 1—($)(1—T)), 
and given k we choose i to be the smallest integer such that 


Ty > (T,+k)/(1+4), 


then 





that is (4)§ > 1+k. 
It follows that, if t = 7,, then (9.1) holds for ¢ <r < (t+k)/(1+4). 
Thus we have Q(r) < C(k\(1—r), 


and (7.2) follows by definition of Q(r) and P(r). 
We have selected 7’ to satisfy (8.1). Hence 


B,(t) > By(T)+BY(T)(t—T) 
> }I-T)-EH 
> HP)EA—4-*H, 


If 1—t is sufficiently small, this gives 
B,(t) > (1—1)-1&-», 
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and we have (7.1) with a change of notation. Since 7’ is one of a sequence 
of values increasing to 1, so is ¢ and Lemma 2 is proved. 


10. According to Lemma 2 we have certain intervals in which 
P(r) < O(k)B?(r). 
In these intervals upper bounds to the function P(r)/B,(r) can readily 
be deduced from upper bounds to B?)(r)/B,(r). We find upper bounds 
to this latter function which are valid except possibly on an exceptional 
set. This exceptional set has small measure if the constant K of Lemma 
2 is chosen sufficiently large. In fact we have the lemma: 


Lemma 5. Suppose that f(z) is regular in |\z| < 1, that B,(r) > 0 as 
r—> 1—0, and that 0 <v <1. Then the set of values r for which 
{BY (r)p < B,(r) (10.1) 
is false in (t, 1) has measure at most 6v-1 B,(t)-*. 


Suppose that 0 <A < 1 and let &, denote the set of values in the 
interval (¢,1) at which 
BY (r) > {B,(r)}P +. 


1 
Then 6) = [ dr < | {Br} > BP(r)dr = 5{Byo)> 
&: t 


Similarly the set of values in (¢, 1) at which 
BY (r) 5 {BY (rp 
has measure less than 
BPW < TBO}. 


Since 0 < A < 1, we have (1+-A)? < 1+3A and thus 
BP (r) < {BP (r)P < {Bir ™, (10.2) 
except in a set of measure less than 
2A-Y{ B,(t)}—. 
If we choose A = 4, then (10.2) yields (10.1). The measure of the set 
on which (10.1) is false is less than 
2d B,(t)}-* = 6y-{ B,(t)}-™. 
11. In proving Theorem 3 we suppose that f(0) = 1 since a proof 
of the theorem with this condition implies that the theorem is true 


generally. We consider one of the intervals (t, (¢+-k)/(1+-4)) for which 
(7.1) and (7.2) hold, choosing K to satisfy the inequality 


(1—t)'Kv-) < Jy, (11.1) 
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for tj <t <1. Here we take (;, t,; and v to be the values assumed in 
Lemmas 1, 2, and 5 respectively. 

By Lemma 1, for a set of values r of measure C,(1—t) in the interval 
(t, (t+-k)/(1+-%)) we have 





, P(r) 
log | f(re®)| > —CP(r)log ——, 11.2 
g Ifire)| (los 5 6 (11.2) 

for 0 < 6 < 27. The inequality (7.2) states that 
P(r) < C(k) BQ (r), (11.3) 

and, since k is an absolute constant, we have 
2) 

Po) — OB) — crag ny, (11.4) 


B,{r) B,{r) 
by application of Lemma 5, except for a set of r in (t,1) of measure 
less than 6v-1{ B,(t)}-#” < 6v-1(1—t)!” < 40,(1—2). 

It follows that (11.2), (11.3), and (11.4) all hold in a set of measure 
at least 4C;(1—t) in the interval (t, (t+-k)/(1+-k)). The combination of 
these three inequalities gives 

log | f(re!®)| > —vCB2(r)log BP(r) (0 <0 < 2m), 
which is log u(r, f) > —vC log M(r,f log log M(r, f). (11.5) 
The value ¢ above is any one of a sequence which increases to 1. 


Hence (11.5) holds for a sequence of values r increasing to 1 and we 


have 
lim sup log u(r, f) vC 


> 
r—>1—0 log M(r,f log log M(r,f) 
Since v is any value such that 0 < v < 1, we have proved that 
,; log u(r, f) 
yore: | log M(r, f )log log M(r,f) 7% 
It is clear that u(r, f) < M(r,f) and therefore 


log p(r,f) < 1 
log M(r,f log log M(r,f) ~ loglog M(r,f) 
Thus we have 








(11.6) 








: log u(r, f) 
1 0. 
m SUP log Mir, f loglog M(r,f) ~ 


The relation (4.4) of Theorem 3 follows from (11.6) and (11.7). 


(11.7) 


12. We shall not consider the proof of Theorem 4 in any detail since 
it can be proved in much the same manner as Theorem 3. However, 
we note the following two lemmas which supersede Lemmas 2 and 5 
and which have similar proofs. 
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Lemma 6. Suppose that f(z) is regular in |z| < 1, f(0) = 1, and that 

— log log B,(r) ae 
r+i-o —log(1—r) 
where 0<a<oo. Then, if 0 <8 <a, there is a sequence of values t 
increasing to 1 such that 
log B,(t) > (1—t)-2*, 

and P(r) < C(k)B2(r), (12.1) 
fort<r< (t+k)/(1+h4). 

Lemma 7. Suppose that f(z) is regular for |z| <1, B,(r) > as 
r—>1—0,andl1<v<ao,e>0. Then, if 1—t is sufficiently small, we 
wii BY(r) < (1+«)By(r)(log B,(r)), 


in (t, 1) except for a set of values r of measure at most 
flog By(t)}'~. 
v—l 


Lemmas 6 and 7 show that, if f(z) satisfies the hypothesis of Theorem 
4 and o(v—1) > 1, there is a sequence of intervals (¢,,1) such that 
t, > 1—0 as n> oo and 


P(r 
log Bn < vC log log B,(r) (12.2) 
in (t,, 1) except for a set of values r of measure small in comparison 
with 1—t,. The inequality (4.6) can be deduced from (12.1) and (12.2) 
by the same procedure that was used to obtain (11.6) from (11.3) and 


(11.4). 


I wish to record my thanks to the referee who made some helpful 
suggestions. 
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THE DETERMINATION OF PHASE SHIFT 
By J. B. McLEOD (Ozford) 


[Received 15 February 1960] 


1. In the case of a wave function with spherical symmetry, the wave 
equation can be separated by using spherical polar coordinates, and 
the equation for the radial component becomes 


Tat Pate NN4 = 0, (1.1) 


rr 





where A is a constant parameter, proportional to the energy of the 
particle under consideration, g(r) is proportional to the potential energy, 
and / is a positive integer or zero. 

If g(r) > 0 as r > oo, and if A > 0, then it is reasonable to suppose 
that, as r > 00, the solutions of (1.1) will be asymptotic to the solutions 


of 
dy 
hb? +A = 0, 


i.e. to AcosrvA+ Bsinrva, where A, B are arbitrary constants. In fact, 
in order to achieve a rigorous mathematical proof of this result, it is 
necessary to impose further conditions on g(r) than merely that it tend 
to zero. 

Let us suppose that these further conditions, whatever they may be, 
have been imposed. Then the particular solution of (1.1) which is of 
physical interest is that for which 4 = 0 at r = 0, and, as r > 00, this 
solution must, apart from an unimportant constant factor, be asymp- 


totie to cos{rvA—4x(1+ 1)— 7}, (1.2) 


for some constant 7. (The reason for the introduction of the term 
4n(/+-1) will be evident later.) This constant 7, is called the phase shift, 
and its determination in any particular problem is of some physical 
interest. It is to be noted that the definition given of phase shift leaves 
it undetermined within a multiple of 7; I shall choose the particular 
multiple of 7 which leads to the simplest expression for 7, and this 
will be done later. 

Estimates for y, are to be found in the literature, e.g. [(1) equation 


Quart. J. Math. Oxford (2), 12 (1961), 17-32. 
3695 .2.12 Cc 
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(9.3.109)]. There we find the formula (in our notation) 


3] 


— [ GPa f pam" ar, (1.3) 


(1+4)/vA To 


where r, is the zero (assumed to be the only one) of the integrand in 
the corresponding integral. Since the two integrals do not separately 
converge, it is understood that the integrands are first to be subtracted 
and the difference then integrated over the infinite range. 

The proof of this formula does not pretend to be rigorous, and no 
estimate is given of the errors involved. The aim of this paper is to 
provide a rigorous mathematical proof of (1.3), together with an exact 
mathematical expression for the error term. Of course, in any particular 
computation of 7, it would probably be sufficient to replace the exact 
expression for the error merely by some estimate of its size, and I have 
considered this for the cases where A is very small, and where A is very 
large. 

We can obtain an alternative expression for », involving /(/+-1) in 
place of (/-+-4)? in the integrands of (1.3), and with a slightly different 
error term to compensate. The proofs of the two expressions are 
essentially the same, except that to prove the second it is not necessary 
to consider the preliminary transformation of the differential equation 
(1.1), which is necessary to prove (1.3) [cf. (2) § 6]. I have decided 
to restrict myself to proving (1.3) since this is the form which is at 
present more widely recognized, but I have stated (without proof) the 
corresponding theorem in the alternative case. 


2. The expression for the phase shift 
Suppose that q(r) satisfies the following conditions: 


(i) except at r= 0, g(r) is continuously differentiable, while, as 
r—> 0, g(r) = O(r-***) for some fixed c satisfying 0 << ¢ < 2; 


(ii) if V(r) = g(r)+(/+-4)?/r?, then A—V/(r) has only one zero, where 
A is some positive constant, and this zero is simple; 


(iii) g(r) > 0 as r > co; 


(iv) as r > ©, 
either (a) J \g(r)| dr exists 


or (bd) fac) dr and [ ia'niar exist. 








—™ 


— a aS re lS | OU 


be i, ee ee ed 
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(It may be remarked that (iv) (b) implies (iii), although, of course, 
(iv) (a) does not. For the existence of J \q’(r)| dr implies the existence 
of [ a'(r) dr, i.e. that g(r) tends to a limit as roo; and then the 


existence of f q(r) dr implies that the limit must be zero.) 
We then have 


THEOREM 1. Under conditions (i)—(iv), we have 


@o 


sat Fs ee “}¥dr— f A—V(r)} drt 


(l+4 $)/s To 


+f | qr*—Vr ilar 2wdr\, (2.1) 








4 r{A—V(r)} 
where ; 
w = w(r) = tan-"{{A—V(r)}r-¥ (r, A)/dfr-*¥ (r,A)}/dr], (2.1 a) 


and Y(r, A) is the solution of (1.1) which vanishes at the origin, the existence 


and uniqueness (apart from an unimportant constant factor) of Y(r,A) 
being guaranteed by Lemma 3(a) of (2); the correct branch of tan-! is 
determined by insisting that w(ro) = 0 and that w be continuous. 


To obtain the alternative expression for , involving integrals with 
l(/+-1) in place of (/+-4)?, suppose that q(r) satisfies the conditions (i), 
(iii), (iv) as before, but that (ii) is replaced by 

(ii)* (a) iff 4 Oand if U(r) = q(r)+ll+-1)/r?, then A— U(r) has only 
one zero, where A is some positive constant, and this zero is simple; 

(6) iff = 0, so that U(r) = q(r), then A— U(r) has either no zero at all, 
or else at most one, and that one simple; further, if A— U(r) has no zero, 


then, as r > 0, U'(r) = O[r-?+4{A— U(r)}], 
for some fixed f > 0. 
We then have 


THEOREM 2. Under conditions (i), (ii)*, (iii), (iv), we have 


til , as. [ o—vU ars 


{U(1+1)/A}t 








+ jfentea-+ m+ | che sin 20 ar}, (2.2) 
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where r, is the zero of A—U(r) (and is taken to be zero if A—U(r) has no 
zero)and = 9 = Or) = tan-[{A—U(r)}#¥(r,A)/¥'(r, A), 

the correct branch of tan} being determined by insisting that 0(r,) = 0 and 
that 6 be continuous. 


(2.1) is proved in § 3, and in later sections I consider the behaviour 
of the error term 





If dfr{a—V(r)}]/dr rf 
if | rA—Vin)} sin 2w dr (2.3) 


for large A and small A. 

Finally, we can see from (2.1), or, of course, alternatively from (2.2), 
the significance of the term 47(/+1) in (1.2). For, if g(r) = 0, then, 
from (2.1), 7 is given by (2.3), where now V(r) has the particularly 
simple form (/-+-4)?/r?. The integral in (2.3) can be evaluated by the 
method of (3). In fact, the evaluation is carried through in (2) § 6, for 
the case where A is replaced by kr-* (0 < a < 2), k being a positive 
constant, and the integral is then shown to be 7. Both the analysis 
and the result hold equally well when a = 0, so that, in the particular 
case considered, », = 0. Thus 7, becomes the difference in phase 
between the physically relevant solution of (1.1) when the potential 
q(r) is non-existent and the physically relevant solution when q(r) is 
introduced, leading to the name phase shift. 


3. The proof of the phase-shift expressions 
Under either of the two conditions (a), (b) given in (iv) of § 2, we 
know respectively from (4) § 5.3 and from (5) that, as r > 00, there are 
constants A, « (of which ¢« is unique modulo 7) such that 
Y(r,A) = A cos{rvA—4n(I+- 1)—e}+0(1), 
Y'(r,A) = —AvAsin{rvA—4n(1+ 1)—e}+-0(1), 
where Y(r,) is defined in the statement of Theorem 1. In view of the 
definition of phase shift, we may replace « by 7, and then, substituting 
these asymptotic forms in (2.1a), we obtain, as r > 00, 
w(r) = $ar+rvA—4}n(Il+1)—n+m7+0(1), (3.1) 
where m is some positive integer or zero. 
At the same time, it is readily verified from (2.1 a) that 
dw d[r2{A—V(r)}]/dr 
= are 
Integrating this over (ro, R), and using w(r)) = 0 and (3.1) with R in 


sin 2w. 
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place of r, we obtain that, as R > 00, 
RvA—4al—ntmr-+o(1) 


R R 
es | {A—V(r)}# dr+-} | oe Voy sin 2 dr. (3.2) 





This analysis applies in particular when q(r) is identically zero. In 
this case, we saw in § 2 that », = 0, while the second term on the right- 
hand side of (3.2) becomes }z, and so (3.2) reduces to 


R 
RvA—4al4-m'n+0(1) = | p—P Far tan, (3.3) 
(L+4)/vA . 
where m’ is some positive integer or zero. 
Subtracting (3.2) from (3.3), and remembering that 7, is determined 
only modulo 7, so that we may set m = m’, we obtain the required 
expression (2.1) for the phase shift 7. 


4. In this section it is my purpose to show how to estimate the size 
of the error term (2.3) for large values of A. The main result is contained 
in 

THEOREM 3. If the conditions (i), (ii), (iii), (iv) of § 2 hold for all 
sufficiently large X, together with the conditions that 

(A) g(r) ts twice continuously differentiable, except possibly at r = 0; 

(B) as r+ 0, g(r) = O(r***), g(r) = Olr-**9); 

(C) as r> oo, rq'(r) = O(1); 


(D) f la’) ar exists; 


then the error term (2.3) is O(A-!*), except in the case c = 1, when it is 
O(A-* log A). 


There is a corresponding result for the error term in Theorem 2, i.e. 





1 r Ur) 
{2 1)#}— 2 ‘ 1 
| af{U(l-+V)}}—T] + | usin zy (4.1) 
I shall state this without: proof since the proof is sufficiently similar to 
that of Theorem 3. 


THeoreM 4. If the conditions (i), (ii)*, (iii), (iv) of § 2 hold for all 
sufficiently large », together with the conditions (A), (B), (C), (D) of 
Theorem 3, then the error term (4.1) is O(A-**), except in the case c = 1, 
when it is O(A-* log A). 
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Two further points should be made. The first is that there are 
circumstances in which the error term (2.3) or (4.1) is as large as the 
main term in the expression (2.1) or (2.2) for the phase shift, so that 
the main term becomes valueless as an approximation to 7. I discuss 
this in § 5 

The second point is that the estimates obtained for (2.3) and (4.1) 
are reached by an application of a method of successive approximations. 
It would be quite possible to carry the successive approximations 
further than I have done in order to obtain the precise form of the term 
in A-*¢ and an estimate of the order of the next largest power of A in- 
volved, and even to go further still, but the process becomes technically 
rather complicated, and the method is adequately revealed in what I 
have done. 

Proof of Theorem 3. We have already seen in § 2 that, if g(r) = 0, 
then the integral in (2.3) is just 7. Hence, without the unimportant 
factor }, the error term may be written as 


. d{t?{A—(1+-4)?/é} j/dt.. 





(l+4)/vA 





d[r*{A—Vi(r)}]/dr_. 
~f PA—Vi(r)} sin2wdr, (4.2) 


where wy) = w,(t) is the particular ie of w when g(r) = 0. 
We now make, in the second integral of (4.2), the change of variable 


rA—V(r)} = PA—(+44)7/8, (4.3) 
i.e. t = r{l—gq(r)/A}}. (4.4) 
This is a valid substitution pavenel 
dt {| qr) $ arg’ (r)/A_ @ 
= - x }}- fi—qr oa > 0 for all 7 in (rg, 00), (4.5) 


provided that A is sufficiently large, since ry is of the order of A~* and 
q(r) satisfies the conditions (i), (iii), (B), (C) of Theorem 3. 
Under the change of variable, (4.2) becomes 


7 d{t?{A—(1+4)*/t*}]/dt , . ae 
| , PA-GyF {sin 2uo(t)—sin 2u(r)} dé, 
(1+ 4)/¥. 


which, of course, can be written more simply as 





| woe {sin 2wo(t)—sin 2w(r)} de. (4.6) 


(l+4)/vA 
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To estimate this error term, we must clearly estimate the quantity 
sin 2w,(t)—sin 2w(r), and this is a question of estimating the solution 
Y(r, A) of (1.1) which vanishes at the origin in terms of the corresponding 
solution ttJ,,,(£VA) of 


y = 0. 





a+ at 


Such an estimate is contained in Lemmas «, 8, and we now interrupt 
the proof of Theorem 3 to state and prove these lemmas. 


Lemma a. Under the conditions of Theorem 3, where the alternative 
(iv) (a) is chosen, both 


PAV (rN —SiagltA) and 1 Z GAY (er, }—Ji (92) 
are of the following forms: 


O(A-**) for (144)? <t< KA4, 

K being any constant exceeding |+-}; 
O(t-*A-*-t) for c<1 and KA*<t <a, 

a being any positive constant; 
O(te-!A-*) for c>1 and Ki*<t <a; 
O(t-*A-* log A) for c=1 and KdX*<tc<a; 
O(t-*A-*-*) for c<1 and ax<t<o@; 
O(#A-*) ’ for c>1 and ax<ct<o@; 
O(t'A-* logaA) + O(A-?) for c=1 and ax<t<o. 


Proof. The proof is a modification of the argument contained in § 3 
of (6). Y(r,A) satisfies (1.1) and also the condition Y(0,A) = 0, and so 
Y(r,A) satisfies the integral equation 


Y(r,A) = rtJi.y(rvA)+32(—1)4 J {ps 4(VA)T_q_y(uva)— 
i 


—Jj,4(UvA)I__4(rvA)}riutg(u)¥ (u,A)du. (4.7) 
r+t\vt+t (rr < kA-), 
A-t (r > kA-), 
where k is some fixed positive constant. Then 
\rtJ,.y(rva)| < Av(r, A), 
where A denotes various positive constants. Let 
x A) _ 


Let v(r,A) = 





0< ae a) u(r, A) 
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Then, if r < kA-+, (4.7) gives 





M < A+AM | (E)rtut acu) du < A+AMr, 
u v(r, A) 
0 


so that, for r < kA-}, |¥(r,A)| < Av(r,A). 
Substituting this back in (4.7), we obtain 
¥(r,A) = rpg rva)+ O( #1 +AH), 
ie. r-tY (r,A) = Jyg(rvd)+ O(r'+4 +A), 
Now from the definition (4.4) of ¢ in terms of r, it is clear that over 


the complete range {(/-+-4)A-!, co} for ¢, t and r are of the same order, 
and so, in the range {(/+-4)A-?, KA-}} for t, r is of the order A-?, and 


t = rf1+ Ofg(r)/A}] = rf1+0Q-*)}. 
Hence 
rtY¥(r,A) = Jy[tva{1+ O(A-#*)} J+ O(A-#) = J,,(tvA)+ O(A-*), 

as required. 

For the range {KA-,a} of t, we shall consider only the case c > 1. 
The other cases are sufficiently similar to require no separate mention. 
Then, if kA-' < r < b, for some positive constant b, (4.7) gives 


kA-* r 
M< A+AM | u|q(u)| du+AMA-+ J \g(u)| du << A+AMre-1)-1, 
0 kA-* 
so that |Y(r,A)| < Av(r,A). Substituting this back in (4.7), we obtain 
Y(r,A) = rtJp.y(rvA)+O(re-A-4). (4.8) 
Now setting ¢ = r{1+ O(r-*+/A)}, (4.9) 
i.e. r = {1+ O(t-*+/A)}, (4.10) 


we obtain the required estimate in the range {KA-?, a} of t. 

The final range {a, 00} of t is dealt with similarly. 

To obtain the estimates for d{r-Y(r, A)}/dr given in the statement of 
the lemma, we multiply (4.7) by r-, differentiate with respect to r, 
and work with the resulting equation in the same way as we worked 
with (4.7) itself. 

This completes the proof of Lemma «a, but we require similar formulae 


in the case where alternative (iv) (b) is chosen in place of (iv) (a). This 
is covered by 


Lemma f. Under the conditions of Theorem 3, where the alternative 
(iv) (b) is chosen, we have the same estimates as were obtained in Lemma «. 
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Proof. The choice of (iv) (b) in place of (iv) (a) affects only the range 
(6,00) of r. In fact, at r = b, we have (4.8) still true. (Again we suffi- 
ciently consider only the case c > 1.) 

Now consider the function, for r > }, 


z,(r) = exp(i { {A—V(u)} aut, (4.11) 
b 


where, as before, V(u) = g(u)+(1+-4)?/u?. (4.12) 
It is easy to verify that z, satisfies the differential equation 


dz V(r) 


st b—rn+4i acroi = 0, (4.13) 


of which another solution is 


z,(r) = z,(r) [ew du. 
6 


Furthermore, the Wronskian W(z,,z,) = 1, while, for large A, 
z,(r) = exp[i{(r—b)vA+ O(A-*)}] = ef -Af1 4 O(A-4)}, 
and so z,(r) = A-*sin{(r—b)vA}{1+ O(A-*)}. 

We can now write the equation for Y(r,A) in the form 
Tat PMO pnp)! ~ Here” 
which becomes, as an integral equation, 

Y(r, A) ‘ 
= Aart Bale) [ fa(ra(u)—a weird ge? 
1 2 
b 


A—Viwyi Y(u, A) du, 


where A, B are suitable constants, dependent on A, but not, of course, 
on r. If we solve this by iteration (as, for example, in the proof of 
Lemma a), we have 


Y(r,A) = Az,(r)+ Bz,(r)+ O[A-{|A |+ | B|A-}]. 


Replacing z,(r), z.(r) by their approximate expressions as trigonometric 
functions, we have, for constants C, D, 


Y(r,A) = Ccos{rvA—}(1+-4)a—4o}+ 
+Dsin{rvA—4}(l+-4)7—}a}+ OfA-4(|C|+|D])}. (4.14) 
This holds for r > b, and so for any fixed range {b,, },}. 


However, from (4.8), we have in the same range {b,,},}, using the 
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asymptotic expansions for Bessel functions, that 
Y(r,A) = (2)fa- cos{rvA— 4(1+- 4)a—}ar}+ O(A-?). (4.15) 
7 


Since (4.14) and (4.15) must represent the same function throughout 
the range {b,,b,}, we conclude that 


C= (=)*a41-4+- 00-9, D = O(-). 


Hence we may substitute for C, D in (4.14), and so obtain (4.15), 
holding now, however, for all r > b and not merely for the range {b,, 5}. 
Using the asymptotic expansions for Bessel functions, we can rewrite 


(4.15) as Y(r,A) = rij (rva)+ O(A-2). (4.15 a) 


Finally making the transformation from r to ¢, we find ourselves with 


the estimate we require. 
We can now return to the proof of Theorem 3. We saw in (4.6) that 
the error term could be written as 
{ dialed {sin 2w9(t)—sin 2w(r)} dt (4.16) 
wo(i-ye 
(l+)/vA 
We consider first the contribution to this integral from the range 
{(l+-4)A-*, KA-} of t. Then 
ital 2{A— (1+-4)?/t?}40,, (twa) df, , ,(tWA)}/dt 
’ [(d/dt){J,.4(tVA)} P+ {A—(L+- 3) /P hI ER (tna) 
2{A—V(r)}*r-tY (r, A)d{r-*Y (r, A)}/dr 
[td/dr){r-*Y (r, A)} P+ {A—V(r)}r¥2(r, A) 
Using the results of Lemmas a, f, and the fact that from (4.4) 
{A—Var)}* = (A— (+4)? /P}t/r = fA—(1+-4)?/P}1 + 0A+)}, 
we have sin 2w(t)—sin 2w(r) = O[{A—(1+ 4)?/t?}4A-}-*], 
and so 








sin 2w(r) = 


Kiva 
2At : : 
i— (+92 {sin 2w(t) —sin 2w(r)} dt 
(L+4)/vA " 6 KIA 
- Ofr-i A—(L-4-4)3/¢%}4 a = O(A-#). 
(L+4)/vA 


To consider the contribution to the integral (4.16) from the range 
{KA-*, co}, we split the integral back into separate integrals with respect 








5) 


1t 
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to ¢ and r, obtaining 


r d{r*{A—V(r)}V/ar 
r-{A—V(r)} 





sin 2w(r) dr, 
(4.17) 


where the value K’/vA of r corresponds to the value K/VA of t. Taking 
the second integral first, we write it as 


2At . 
| wip 2a(t) dt— 
K//A 





d{r*{A—V (r)}]/dr sin 2w(dw/dr) 5 
f r2{A—V(r)} {A—Vi(r)}* 


; 1 d[r2{A—V(r)}]/dr\?_ sin? 2w 
a 7 j r{rx—Vir)} J {A—V(r)} 
ef 


v 


dr, (4.18) 





using the expression for dw/dr obtained in § 3. The first integral in 
(4.18) can now be integrated by parts, and (4.18) becomes 
|—5 wh Vir I cos 2w |; + 





d{r?{A—V(r)})/dr 


1 
+; cos 2w — aA ; dr— 
2 p a 
rin dr\| r{A—V(r)} 








es . r d{r2{A—V(r)}]/dr\?_ sin? 2w d 
4. J r-{A—V(r)} | VER P 


A similar procedure can be carried out on the first integral in (4.17). 
If we subtract the two results, and consider first the integrated terms, 
these vanish in both cases at 00, while at the lower end of integration, 


[A — (1-4) Jxya = (PF A—V (Nea 
Mia = [F.0°0—-VeH1g| 


K’lJA 


ak ad <B> —te 


[cos 2u9(t)]xxiya = [cos 2u(r)]xeya+ OA), 


the last line of formula being obtained similarly to the corresponding 
result for sin 2w which was used earlier. Hence the difference between 
the integrated terms is O(A-**). 

Turning now to the integrals, in the integrals with respect to r we. 
can make the change of variable to ¢, so that (considering sufficiently 
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the second of the two integrals) the difference is 

" i Ont I sin? 2w9(t) _sin® 2(r) nd o 

4), DPE LOG De AV} dr] 
/ 
We break this integral into the ranges {K/VA,a}, {a,0o}, and we shall 
consider sufficiently c < 1. 
Then, in {K/vA, a}, 
{A—V(r)}# = A— (+4)? /P 1+ O08 #/a)}, 


dt a 





sin? 2w9(t)—sin? 2w(r) = O(t-A-!-?*). 
Hence the contribution to the integral is 
- 1 
of | gar arerenanal, 
K/VA 


and, since ¢-*+*A-! can be neglected in comparison with ¢-!A-*-#¢ for 
t > K/VA and c < 1, the contribution is 


of [ t-3)-1-4¢ it = O(A-*). 


K/VA 
In {a, 0}, {A—V(r)}t = {A—(14-4)2/2}4{11+4 Oj, 
f= 1400, 


sin? 2w (t)—sin? 2w(r) = O(t-1A-*-*#*)+- O(A-}). 


Hence the contribution to the integral is 
of | pala at} = ORI) = 00-49, 


This completes the proof of Theorem 3. 


5. I return now to the point which I mentioned in stating Theorems 
3 and 4: that the error terms (2.3) or (4.1) may be as large as the main 
term in the expressions (2.1) or (2.2) for the phase shift, so that the 
main term becomes rather valueless as an approximation to 7. 

Suppose that the conditions of Theorem 3 (or Theorem 4) are satisfied, 
and consider c < 1. In this case, the formula corresponding to (4.15 a) 
(which was developed for c > 1) has an error term O(A-*-*) in place 
of the error term O(A-*), as may be readily verified by carrying through 
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the analysis. (In fact, (4.15a) was obtained under the conditions of 
Lemma f, but the same formula would have appeared under Lemma a 
had we written out the full details of the proof.) Hence, as r > 00, 


r-tY(r, A) = Jj4(rvA)+ O(r-A-t-*) 
=(- =a)" cos{rvA— 4(1+-4)r— }n}+ O(r-1r- mole -te), 


and 


44 AY (r,d)} = — (25) sings 4d —4n} + (7-19, 


Substituting this in (2.1a), we obtain, as r > 00, 
w(r) = 4r+rvA—h(Il+4)r—}n4 O(A-*)4+-m’'2+0(1), 
where m’ is some positive integer or zero. 

However, we also have (3.1), and comparing this with the last 
equation, we obtain 

= +(m—m')r+ O(-*). 
Since we can deduce fairly readily from (2.1) that 7, is small for large A, 
we put m = m’ and obtain 
m = O(r-*). 

On the other hand, all that we were able to say of the error term in 
§ 4 was that it too was O(A-#), and, unless this estimate of the error 
is an unnecessarily large one, the error term is as large as 7, itself. 

In fact, the estimate QO(A-!) for the error term is in general best- 
possible. I do not intend to give a detailed proof of this, but it can be 
shown straightforwardly enough, though tediously, by carrying through 
the argument of § 4 more carefully and noting that the ‘coefficient’ of 
A-¢ in the error term does not in general vanish. 

If we take c = 1 instead of c < 1, the same considerations apply and 
the error term may be as large as 7, itself. This does not, however, 
apply force > 1. For then the argument above yields », = O(A-*), and 
in fact, in general, y, = A-*, while the error term, as proved in § 4, is 
O(A-**), which is now of lower order. 


6. In this section it is my purpose to show how to estimate the size 
of the error term (2.3) for small values of A. The main result is contained 
in the theorem: 


THEOREM 5. Suppose that conditions (i), (ii), (iii), (iv) of § 2 hold for all 
sufficiently small X, together with the conditions 

(«) V(r) has one and only one zero, and that one simple, from which it 
follows that V(r) < 0, g(r) < 0 for sufficiently large r; 
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(8) as ro, V(r) is twice continuously differentiable, with 
x), eh 
—Vi(r)~ r’ v' (r) r}’ 
(y) as roo, r4-*{—V(r)}- is a decreasing function for some fixed 
d>0. 
Thee, if w*(r) is the particular form of w(r) when A = 0, we have 


d[r*{A—Vi(r)})/dr.. 
ig 





sin 2w dr 





To 


- | asin 2u* dr-+-OMV-(A-4)}, (6.1) 


where ri is the zero of V(r). 


This means that the error term (2.3) becomes approximately 


ile | oe sin Qu* a, (6.2) 
though there is no necessity for this to be zero. However, it is curious 
that, if g(r) takes the special form —kr-¢ (1 < a < 2), k being some 
positive constant, then the expression (6.2) is indeed zero. This is 
proved in (2), at the end of § 6. 

Theorem 5 is in effect proved in the course of (2). However, what 
is more directly proved is the corresponding result for the error term 
of Theorem 2, i.e. (4.1), and I shall state this now and then indicate 
where in (2) the proof of this (and so sufficiently the proof of Theorem 5) 
can be found. 


THEOREM 6. Suppose that the conditions (i), (ii)*, (iii), (iv) of § 2 hold 
for all sufficiently small , together with the conditions 

(a)* (a) if l + 0, U(r) has one and only one zero, and that one simple, 
from which it follows that U(r) < 0, g(r) < 0 for sufficiently large r; 

(b) if l = 0, so that U(r) = q(r), then U(r) has at most one zero, and that 
one simple, and U(r) < 0 for sufficiently large r; further, if U(r) has no 
zero, then, as r > 0, U'(r) = Ofr-2*4U Kr) 
for some fixed h > 0; 

(B)* as roo, U(r) is twice continuously differentiable, with 


U(r) _ 1 U"(r) o(7); 








r 


—U(r)~ r’ U'(r) 
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(y)* as roo, r4-*{— U(r)}-! is a decreasing function for some fixed 
d> 0. 
Then, if 0*(r) is the particular form of 6(r) when A = 0, we have 





U'(r) .. r U(r). 
| oe" 26 dr = — “o sin 20* dr+OfrAtU-*(A-4)}, (6.3) 


T1 ri 


where rf is the zero of U(r), if this exists, and is otherwise zero. 


This means that the error term me becomes approximately 


1 U"(r) 
be =™ * 
i P(e 1)}4}—T] Tin sin 20 ar, (6.4) 
though again this is not necessarily zero. In fact, if g(r) takes the special 
form —kr-* (1 <a < 2), k being some positive constant, then from 


[(2) equation (2.3)], (6.4) becomes 
lj za 
be Oa — t 
ds 2{U(-+-1)} I} 
To prove Theorem 6, we consider the expression 


U'(r) 
A—U(r) 


r1 


and that this is indeed Q{A'U-4(A-*)} is proved in [(2) Lemmas 5 (a)- 
5 (d)] together with the result, proved similarly to Lemma 5 (d), that 


a) 


Ur) 
A-U() U(r) 


U's ™ 26* dr, 





sin 26 dr+ [oe 


sin 20 dr = Of{AtU-(A-4)}. 
A- 


Negative A,, has to be replaced by positive A throughout, but this is an 
unimportant alteration, and it should be remarked too that the condi- 
tions imposed in (2) are slightly more restrictive than we are employing 
here. It will be readily verified by the reader, however, that the extra 
restrictions in (2) are required, not for the lemmas to which we appeal 
here, but for Lemmas 5(e), 5(f). 
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RIESZ SUMMABILITY OF SUBSEQUENCES 
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Suppose that {s,} is a real sequence and ¢ is a real number in the 
interval0 <t < 1. Representing ¢t by a non-terminating binary decimal 
expansion, we shall denote by {s,,(t)} the subsequence obtained from 
{s,} by omitting s, if and only if there is a 0 in the kth decimal place 
in the expansion of ¢. With this correspondence, it is then possible to 
speak of ‘a set of subsequences of measure one’, ‘an everywhere dense 
set of subsequences’, and so on. We shall alternatively denote the 
subsequence {s,,(¢)} by {s,,}, where such notation is more useful. We 
adopt the convention that where no limits are stated in the summation 
sign, sums are to be taken from 0 to o (or 1 to oo in some evident 
cases). 
A theorem by Buck and Pollard (3), is stated as follows: 


THEOREM 1. /f {s,} is (C,1) summable to S and 
> sp/k? < a, 
then almost all the subsequences are (C,1) summable to S. 


This theorem has been extended in one direction by Hill (7). We 
wish to extend it for bounded sequences to Riesz means of a restricted 
type. First, however, we state three lemmas which will be of use in 
the proof; they may be found in (3). The properties of the Rademacher 
functions R,,(t) can be found in (8). 


Lemma 1. Let {P,} be a sequence of positive numbers, increasing 
monotonically to infinity. If the series > a, P,, converges, then 
| 7 
lim — > a, = 0. 
nN >on 1 


Lemma 2. The series } a, R,(t) converges on a set of measure one or 
measure zero according as > az. converges or not. 


Define the regular Riesz means (R, p,) by 
lim Po Sot +Pn Sn 


none P, 





where P, = pot+...+Dpy: 


Quart. J. Math. Oxford (2), 12 (1961), 33-44. 
3695 .2.12 D 


a i 
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Lemma 3. For the ais Riesz means, if > (p,,/P,,)* converges and 
{s,} is bounded, 
lim p> > Pes R(t) = 9 


n 
almost everywhere. 


Lemma 3 is proved by an application of Lemma 2 and then Lemma 1. 
We now prove the lemma: 


Lemna 4. If (R,p,,) is a regular Riesz means, 


Pr < Pr+i (k = 0, amt 


and F< Pn (n = 0,1, 2,...; k = 0,1, 2,..., 2), 
Pr Pn 
n—1 P \p p | 
h ok iEk Pk+1! M 
_ z. Pr a . 


Proof. We have 


—]1 | 
’ P, |Pr—Prat F. > Pa Poet Prsa| — I. Pa— Po 
60 Pr P. a P, 


n Pn k= 





N 


and our assertion is proved. 

We also state a theorem due to Borel. Here a sequence {s,} of 0's 
and 1’s corresponds with the number a = -a,4,... in the non-terminat- 
ing binary expansion if and only if a, = s, for every n. For full details 


see Hill (8) or Cooke (4). 


THEOREM 2. Almost all sequences of 0's and 1’s are (C,1) summable 
to 3. 

This theorem means that, if «(n) is the number of 1’s in the first n 
places of «, a(n) = 4n-+-o0(n). Hence, when we are investigating sub- 
sequences and wish to extend Theorem 1, we easily see that the sub- 
sequences {s,.} such that k, < 3n for n > N, correspond to a set cf 
measure one. This means that we can restrict our considerations to 
subsequences such that k,, < 3n for n > N since the measure of the 
intersection of this set with a second set will also be the measure of 
the second set. Of course, Theorem 2 is not itself concerned with sub- 
sequences and is introduced here only for the purpose of restricting 
the k,, in the manner described. 

Before proceeding to our main theorem, we want to provide a counter- 
example to show that, even for bounded sequences, Theorem | cannot 
be extended by some such statement as: 

If A = (a,,,) is stronger than (C,1) then almost all subsequences of a 
bounded A-summable sequence are A-summable. 








nn 


le 
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Consider the sequence {m(n)} (n = 1, 2,3,...), where 

m(n) = [3m(n—1)]?, m(1) = 1, 
i.e. m(n) = 3*"-2, 
and the first three terms of the sequence are 1, 9, 729,.... Let 

Oe ee we 
mi mn)’ 
where 3m(n—1) < k < m(n), an, = 90 
for other values of k. The matrix A = (a, ,) is regular and, since 
D Flan e—Onavi| <M, 
A is stronger than the Cesaro matrix [see (12)]. Let the sequence {s,} 
be defined as follows: 
8, = 1 (m(2r) <k < 3m(2r)), 8, = 0 otherwise. 

Now {s,} is A-summable to 0. From Theorem 2, however, it is clear 
that, if we take the set of subsequences of {s,} of measure one corre- 
sponding to those t = -a,a,... in the binary expansion such that {a,} is 
summable to 4 by (C,1), then denoting the subsequence of {s,} corre- 
sponding to ¢ by {s,(t)}, we have 

lim inf ¥ a, ,.8,(t) > 4, 


ro 


lim Y Gop +1,48x(t) = 0 


ro 

for almost all ¢. Hence, although A is stronger than (C,1) it does not 
sum almost all subsequences of every bounded A-summable sequence. 
However A will sum almost all subsequences of a (C,1)-summable 
sequence. In fact, Buck and Pollard (3) pointed out that the set of 
summable sequences fall in two classes: the one for which the set of 
summable subsequences is of measure one, the other of measure zero 
[see also (14)]. 

We now prove the theorem: 

THEorEM 3. Jf (R,p,) is a regular Riesz means which satisfies the 
additional conditions 


Pnit > Pn > 9 for all n = 0, 1, 2,..., (1) 
i oe 
> (7) converges, (2) 
Pn Fin <L foralln >0and k, = 0, 1, 2.,..., 3n, (3) 


Pr, PP, 


n 


then almost all subsequences of a bounded (R, p,,) summable sequence are 
(R, p,) summable to the same sum. 
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> Px(1+ Ry(t)) 5, 
Proof. Consider =r, (t) = & ‘ 
2 Pi 1 + R,(t)) 


Phy Skat +++ + Php Phen 

Prot t+Pkp 
and defines a Riesz means (R, p,,) of the sequence {s,}. We shall first 
show that, for almost all subsequences {s,} of a bounded sequence, 
{s,,} is summable by the corresponding (R, p,,). Since 


Sty <= 


n 





This is of the form 





Sn Pn R,,(t) 
then > —— 
is convergent for almost all t by Lemma 2. By Lemma 3, we then have 
2 8, Py R,(t) = o(F,), 2 P, R(t) = o(P,) 
for almost all ¢. However, 
D Proet+ > Pes Ry lt) P 
T,(t) = + Pp ° n = ? (4) 
: P+ 2 Pr R,(t) 
and it follows that lim 7,,(t) = 8 


for almost all t. 

The theorem will be established when it is shown that, for almost 
all ¢, the methods (R, p,.) are contained in the method (R, p,) since it 
will then follow automatically that all bounded sequences summed by 
(R, p,,) will be summed to the (R, p,) sum [see (1) or (15)]. 

Hence, the theorem will follow if, for almost all ¢ [see Hardy (6)], 


S Pn _ Pav 
a Pin Phair 
where K and M are constants and 
8 
rz = 2 Php? 
It easily follows that P< /P,, <M’. Moreover, from Theorem 2 we see 
that, for a set of measure one, k, < 3s for every s > N, so that, from 


Pi, p, Px, 
"<- K = M 5 
P < and aah <M, (5) 








(3), + ms 
p,Px PsP,, PZ , 
‘= 4 > < M L = M (6) 
Px, Ps Pr, Ps P,, 














RIESZ SUMMABILITY OF SUBSEQUENCES 37 


for all k, < 3s. This means that the second condition for inclusion in 
(5) is satisfied almost everywhere. 
For the first condition 



































U = > — Pax - 
Phy Peal 2 
s-1 s—1 
Pi.) (Phns1— Phen) PE|Pn—Pnsr 
_ n Pn mil in + rn fnt+l 
bi ie P, Phin Pens p 3 Pr, PF, 
= U,+U,, say. 
Using (6) we have, for almost all ¢, 
8s—1 
P,|Pn—P 
T < M “niin n+1 
odie b P,| P, 
and this is bounded, by (3) and Lemma 4. Also 
U, = 5 te 1 | 
x Pkn Pha 1 
and, since p,,., > Py, > 0 for all n = 0, 1, 2...., 
s—1 
Py 
U, P+ P+ Ps-1 Ksu1 
i< ) i PrP, Pp (Pn kn Pn-1* kn_ d+ Ph, P 


with the convention that p_, P+, = 0. Again, using (6) and remember- 
ing that p,, Pz, <p, Px, we have 


s-—1 
T pa Pn-1 | p+ _ 
Ov< - r k, 


an 8 





+ SS pr—Pn-r Px, 
Pi, J+ a a pt. 
0 nm . 


Here we have 








5, Spire Px j=" =p FPet Sh 
s r a8 


and from (6), for almost all ¢, 


SS) Pia Pa Pa Pa past < mS Be Py Pn— pape 
Pkn P, Pn-1 


The second sum is bounded, by Lemma 4. Hence U, is bounded and 
the first part of (5) is satisfied for almost all t. This completes the proof 
of the theorem. 
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Lorentz (11) has introduced the concept of ‘strongly regular methods’. 
A matrix A = (a,,,,) is strongly regular if and only if 


lim > Bian Gn, n uy! = ars 0. 


m— x 
Associated with strongly regular methods are summability functions; 
a positive monotonically increasing function Q(n) 7 oo such that 


lim > Q(x) Gn, n —Onn+1| =0 


m— x 


is called a summability function of the method A = (a,,,,). 
Lorentz (13) proved the lemma: 


Lemma 5. If f(n) 1s a positive monotonically increasing function such 
that every Q(n) = o( f(n)) is a summability function of A, then 
> f(r) N)\@mn— Gm, n “| S M. 


If p, > py, > 0 for k = 0, 1, 2,..., the regular Riesz method (R, p,) 
is strongly regular if and only if 


lim a, = 0. 
m— ® P. 


For such methods, Lorentz (12) proved the theorem: 


THEeorEM 4. Jf p, > p,-, > 0 for all n = 1, 2, 3,... and p,/P,, de- 
creases to zero then any function of the form o(P,/p,) is a summability 
function for (R, p,) means. 

It is clear from Lemma 5 and Theorem 4 that, if p,, > p,_, > 0 for 
all x and p,,/P,, decreases to 0, then 


Pr—Prv 








> % fs <M 
<i ae 
0 
for all n = 0, 1, 2,.... Theorem 4 also follows immediately since p,,/P, 
decreases to (0. 
Let us assume that 
Fi,Pim < I! (An <k, <3n). (3’) 


Pn x. 
Then we prove a generalization of another theorem due to Buck and 
Pollard (3). 

THEOREM 5. Jf (R, p;,) is a regular method satisfying the conditions of 
Theorem 4 and in addition p,/P,, decreases to 0 and (3’) holds, then a 
bounded sequence that is not (R, p,.)-summable has almost no subsequences 
that are (R, p,.)-summable. 
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P, Pin — Pn Pitn Phen 
Proof. We have a Pe ro P. Pe 
n kn 
> Pr 2) ?, 
However, f,, _ 4 = L 





Pr i ~~ Kn kn 
- > Pr, 2 Prt 2 Pr R,{t) 


and, from considerations similar to those in (4), P,,/PZ, is bounded for 
almost all subsequences. Finally, it is clear that 4n <k, < 3n for 
almost all subsequences. It then follows that 


P, Pr, 
n n < M 
Pn Pi, 
for almost all subsequences. We can now prove that 


s—1 


2 


0 


Pia Phas 
Pn Pau 


Pu =< K 
P; < 








in much the same way as we proved the first part of (5). Here, however, 
we must replace Lemma 4 by Theorem 4 since the conditions of the 
lemma are not satisfied by (3’). We now have that (R, p,.) is stronger 
than (R, p,) for almost all t. Hence, if {s,} is a bounded sequence that 
is not (R, p,)-summable, 


p 8, p,, R(t) = o(P,) 
for almost all ¢; and, from (4) again, for almost all ¢, 


Phe Sko t+ +++ + Phen Shen 
Pra t---+Prq 


does not converge. But (R,p,,) is stronger than (R,p,), and hence, 
for almost all ¢, the subsequences are not (R,p,)-summable. This 
completes the proof of the theorem. 

The conditions of Theorem 3 can easily be seen to be satisfied by the 
Cesaro means, i.e. the (R, p,)-means where p,; = 1 for all k. The condi- 
tions are also satisfied by the (R, p,)-means defined by P, = exp(log*k) 
for all k = 1, 2, 3,.... On the other hand (12) this Riesz means has all 
summability functions o(n/logn) and does not sum all bounded (C, 1)- 
summable sequences. 

It has been shown by Lorentz (13) that, if A = (a,,,) is a strongly 
regular matrix and f(n) a positive monotonically increasing function 
such that > f(”)|@mn—@mnii| < M for all m, then A is stronger than 
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the (R, p,) means defined by 


1 
fk) 

The referee of this paper has pointed out to the authors that Lorentz’s 
theorem [(13) 131, Theorem 2] includes some conditions not stated but 
implied by previous work. We remark that f(n) 7 0o implies that p,,/P, 
decreases to zero, and that these implied conditions for A to contain 
(R,p,,) are fulfilled. For further details see the references quoted in 
(13). 

For such a method 


P, =e, where p, = at" io ae 


Pr 1 ) 
—~ = ]1—exp/| —-—— }. 
P, *(—7 
Since f(k) is positive increasing, we have f(k) > constant > 0, and 


hence the expression on the right lies between ra positive constant 
multiples of 1/f(k). Hence >(p,/P,)? will converge if and only if 
(i) > f-*(&) converges. It is clear also that condition (3) of Theorem 3 
is satisfied if (ii) f(k,)/f(s) < L for all k, < 3s. Hence, if f(n) satisfies 
(i) and (ii), A = (a,,,) is stronger than a Riesz means (R, p,) satisfying 
the conditions of the theorem. The method A will sum all bounded 
(R, p;,) summable sequences (and to the same sum (1), (15)), and hence 
sums almost all subsequences of these bounded sequences to the same 
sum as the original sequences. One can speak of the ‘Buck—Pollard 
subset of bounded B-summable sequences’, where B = (b,,,,) is any 
regular matrix, meaning those bounded B-summable sequences for 
which almost all subsequences are summable to the same value. The 
Buck-—Pollard subset is non-empty for strongly regular methods [see 
(14)|. For the Riesz means of our theorem and (C,1), the Buck- 
Pollard subset is the set of bounded summable sequences. For methods 
such as the A = (a,,,,) described immediately above, the Buck—Pollard 
subset does not always coincide with the set of summable sequences. 
The category of the set of summable subsequences is discussed in (9) 
and (10). 

In Theorem 3 there is no need to assume {s,,} bounded: the argument 
applies under the weaker assumption that 

8nPn\" 

We now wish to treat with some properties of a matrix introduced 

by Garreau (5). The matrix G = (g,,,) is described as follows: let the 





— EP Bee Oe DON OP Oe 


—- = SS = 
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first two rows consist of 1, 0 in both orders, followed by zeros; the next 
aCo (= 6) rows of 0, 0, 4, 4 in every possible order, followed by zeros; 
the next ,C; (= 20) rows of 0, 0, 0, 4, 4, 4, in every possible order 
followed by zeros and so on, so that there are ,,C, rows consisting of 
v zeros and v elements equal to v-! arranged in every possible order 
followed by zeros. This is a regular matrix and, moreover, 

lim max|a,,,,| = 9. 


m— oo 


Hill (8) made an extensive investigation of the regular matrices 
which sum almost all sequences of 0’s and 1’s, i.e. that have the Borel 
property. He stated that a necessary condition for a matrix to have the 
Borel property is that lim > a2,, = 0. 

m—> 2 

Garreau used the matrix G to show that this condition is not sufficient, 
i.e. G satisfies this condition but does not have the Borel property. 
We shall now show that @ is an example of a matrix that sums a 
bounded sequence if and only if it sums almost all of its subsequences. 
Hence we have a matrix which has the Buck—Pollard property but 
not the Borel property. A matrix stronger than a matrix with the 
Borel property must also have the Borel property. It is clear that the 
matrix we have constructed in the discussion following Theorem 2, 
being stronger than the Cesaro matrix, has the Borel property. Hence, 
this is an example of a matrix having the Borel property but not the 
Buck-—Pollard property. From these two examples it is clear that the 
Borel property and the Buck—Pollard property are independent. 

If v(m) be the number of s, (&k < n) such that s, €¢ Z, where £ is some 
set of real numbers, then v(m) will be called a ‘counting function’ relative 
to E for the sequence {s,}. If EH is the set of non-zero real numbers, 
we shall call v(m) the ‘counting function’ for {s,,}. If the counting func- 
tion v(n) = o(n) and {s,} is bounded, then it is evident that {s,} is G 
summable to zero. Hence any sequence that is the sum of a sequence 
convergent to zero and one whose counting function is 0(n) is G sum- 
mable to zero. We now prove the theorem: 

THEOREM 6. A bounded sequence {s,,} is G summable to zero if and only 
if 8, = x,+y,, where {x,} converges to zero and {y,} has a counting func- 
tion v(n) = o(n). 


Our previous remarks show the sufficiency of the conditions. On the 
other hand, suppose that {s,,} is G-summable and bounded. Let v(e, 7) 
be defined as the counting function of Z (E#: |x| >). We first show 
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that, for any « > 0, v(e,n) = o(n). For, if not, there exists a sequence 
{2n,} and an e such that the counting function relative to the set 
(EZ: x > e) has v(2,n,) > an, (v = 1, 2.,...) for some a > 0 (or else this 
will be true relative to the set (HZ: x < —e)). If « > 1, we choose the 
row corresponding to that one of the ,,,C,,, combinations for which 
each non-zero element of the row corresponds to an s, > e. For such 


a TOW, ™,, 8ay 
a sis > Imun 8, > €- 


If ~« < 1, there are three cases to consider. 

(i) The row may be so chosen that the remaining (1—«)n, terms of 
the row where g,,,,, #~ 0 correspond to values where s,, > 0 (n < 2n,). 
In this case, we again have } Ym,.n8, > xe. 

(ii) If a choice as in (i) is not possible owing to an insufficient number 
of s, > 0 (n < 2n,), we choose a row so that the remaining (1—«a)n, 
terms of the row where g,,,,, # 9 correspond to s,, such that the sum 
of the negative terms does not exceed }ae in absolute value. If such 


a choice is possible, > Jinan 8n = fae 
mun?n — 2 


(iii) If the choice indicated in (i) or (ii) is not possible, then over 
half the terms of the sequence for which n < 2n, are negative. More- 
over, the sum of (l—a)n, (0 < « < 1) of them is less than — }ae, and 
so it is clear that a row can be found so that the g,,,,, ~ 0 all correspond 
to s, <0 and so that > g..8, < —3ae. Hence, in any case we can 
select a sequence {m,} such that 


\> Impn 8,,| > dae 


for all » = 1, 2, 3,.... Therefore, we have v(e,n) = o(n) for any « > 0 
since an assumption to the contrary leads to a contradiction. 
It now follows that we can choose an increasing sequence of integers 


f 
{n,} such that (2-*,n) <<2-'n (nm >n,). 


Let x, = 8, if |s,| < 2-*, x, = 0 if |s,| > 2-*, where n, <n < m,,). 
Then it is clear that {x,} converges and that the counting function for 
{s,—x,} = {y,} is o(n). This completes the proof of the theorem. 

We now prove the theorem: 


THEOREM 7. A bounded sequence is G-summable if and only if almost 
all of its subsequences are G-summable to the same sum. 


This theorem will clearly be proved if we can prove that a bounded 
sequence is summable by G to zero if and only if almost all its sub- 
sequences are G-summable to zero. 
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Let us suppose first of all that the counting function of {s,,} satisfies 
the condition v(n) = o(n). Define 
1 (8, # 9), 
0 (8, = 0). 
If the counting function of {s,} is o(n), then {t,,} is summable (C, 1) to 0. 
Hence, so are almost all subsequences. But any subsequence of {t,} 
consists of 0’s and 1’s; and for a sequence of 0’s and 1’s to be summable 
(C,1) to 0, it is necessary that the counting function be o(n). This 
means that almost all subsequences of {t,} have a counting function 
o(n), and the same is true for {s,}. This means that almost all of the 
subsequences of {s,,} are G-summable to zero. Since every subsequence 
of a convergent sequence is convergent to the same sum, it is clear by 
splitting a G-summable sequence as in Theorem 6 that almost all its 
subsequences are G-summable. On the other hand, if almost all the 
subsequences of {s,,} are G-summable to zero, almost all the subsequences 
of {\s,|} are G-summable to zero. The Cesaro matrix is a submatrix 
of G, so that almost all of the subsequences of {|s,|} must also be 
Cesaro-summable to zero. This means again that {\s,|} is Cesaro- 
summable to zero, and it is clear that it must be possible to split {|s,,|} 
as in Theorem 6. The same will be true of {s,}, so that {s,} must be 
G-summable to zero. This completes the proof of our theorem. 


t 


a = 


The authors are grateful to the referee for his painstaking care, and 
especially for widening the conditions of Theorem 3. 
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1. Introduction 

THE object of this paper is to consider transformations of functions 
to sequences, sets of functions to sets of sequences, and function spaces 
into sequence spaces. Transformations of sequence to sequence are 
effected by a matrix (a, ,) [see (1) chapter 4, (2) chapter 6, and (3)], 
sequence to function transformations are effected by (a;,(w)), where w 
is a positive continuous variable [see (1) chapter 4], and series to series 
transformations are carried out by matrices of a different type [see (4) 
and (5)|. For transformations from function to sequence we shall 
employ a sequence of functions {F,,(x)}; and F,,(x) will be referred to as 
a transformer. 


All the variables considered are real, and all the functions and trans- 


formers considered are real and measurable in the Lebesgue sense in 
[0,a] for alla > 0. The integration is in the Lebesgue sense through- 
out. 

The transformer F, (x) is said to apply absolutely to g(x) and to trans- 
form g(x) if © 
uy(g) = | Fylx)g(x) dex (1.1) 

0 


is absolutely convergent for each n. Then {w,,(g)} is called the sequence 
transform of the function g(x). If F,(x) applies absolutely to every g(x) 
in a function space a(f), it is said to apply absolutely to the function 
space a(f), and the sequence transforms {w,,(g)} of the functions g(z) 
in a(f) form a sequence space; and, if this sequence space is 8, we say 
that the function space a(f) has been transformed into the sequence 


space B. 


2. Definitions and notations 
Definitions of the sequence spaces used in this paper are given in 
[(1) 273-4], and those of the function spaces are to be found in [(6) § 3]. 
Sequence spaces will be denoted by «a, §,..., and function spaces by 
a(f), B(f),.... {f,(x)} will mean a sequence of functions f,(x), f(x), 
f,(x),..., defined for almost all x > 0. 


Quart. J. Math. Oxford (2), 12 (1961), 45-51. 
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The sequence of functions {f,,(2)} is said to be coordinate convergent 
(c-egt) if f,,(x) tends to a finite limit as n > oo for almost all x > 0. 

The sequence of functions {f,,(x)} is said to be uniformly coordinate 
convergent (c-cgt(u)) if f,(~) converges uniformly to a finite limit as 
n> oo for almost all 2 > 0, ie. if to every « > 0 there corresponds 
N(e), independent of x, such that, for almost all x > 0, 


\fn(©)—frA%)| < € (2.1) 
for all n, n’ > N(e). 
For the definition of the dual space a*(f) of a function space «(/f), 
we refer to (6). 
If a*(f) > B(f), then f,,(x) in a(f) is said to be projective convergent 
(p-egt) relative to B(f), or a( f)B( f)-egt, if to every « > 0 and every g(x) 
in B(f) there corresponds N(e,g) such that 


g(x) f,(2) —f,(x)} dx = € 





o— 8 


for all n, n’ > N(e,g). 

When f(f) = a*(f), f,,(x) is said to be ‘p-cgt in a(f)’, or ‘a( f)-egt’. 

Taking f(z) = cosnxz and g(x) to be any function in o,(f), we see, 
by the Riemann—Lebesgue theorem, that f,,(x) is o,,(f)-cgt. But cos nz 
does not tend to a limit as n > 00. Hence o,,(f)-convergence does not 
necessarily imply c-convergence; i.e. in general, «(f)B(f )-convergence 
does not necessarily imply coordinate convergence. 

A theorem will now be proved which will be required in the subse- 
quent theory. 

{f,(x)} € @ will mean that {f,(7)} is monotonic increasing or mono- 
tonic decreasing for almost all x > 0. 


(2,1). If BUS) > OS), {fale}EM, and f(x) is a(f)B(f)-cat, then 
{f,(x)} is e-egt(u). 

The proof is similar to that of [(6) (4, III)]. 

[a(f) > 8] will denote the space of all F(x) which transform a(/) 
into B; these F(x) form a function space. 

F(x) belonging to o,(f) is said to be convergent in mean if to every 
e > 0 there corresponds a number N(e) such that 


[ Fue) —Fy(e)| de << i 


0 


bo 
bo 
—_— 


for all n, n’ > N(e). 
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F,(x) in o,(f) is said to be convergent in mean to zero if to every 
« > 0 there corresponds a number N(e) such that, for all n > N(e), 


| \Fi@)\de <« 
0 
A set X in o,(f) will be said to be integral-bounded (int-bd) if 


| \g()\de <M 
0 
for every g(x) in X, where M is a constant independent of g. 
A set X in o.,( f ) will be said to be collectively bounded when | f(x)| < M 
for almost all 2 > 0 and for every f in X. 
For the definition of a collectively convergent set in T we refer to 
[(1) 282]. 
A set X in Z is collectively convergent when to every « > 0 corresponds 
a number N(e) such that, for every {x,} in X, |a,| < ¢ for all k > N(e). 
We refer to [(1) 278] for the definition of a normal sequence space. 


3. Some theorems on transformations 


(3, 1). Lf F(x) > 0 for almost ali x > 0 and for every n, then F,(x) 
transforms «( f) ) <o.(f) into a normal space B if and only if 


(i) Fuz)eof) and i) | f Fade} ep, 
where «( f ) contains the constant functions. 7 


Since a(f) <o,,(f) and contains the constant functions, «*(f) = o,(f), 
by [(6) (3, I) and (3, I)]. 

Let g(x) be any sie in a(f) and let w,,(g) be given by (1.1). 

Suppose that F(x) € o,(f) and 


{f F,(x) de E B. 


Since F,(x) € o,(f) = a*(f), F(x) applies absolutely to a(f), and 
the integral in (1.1) exists for every n. 


Now |¢»(9)| = 


| Fue)g(a) de 

0 

since a(f) <o,(f), and F(x) > 0 for almost all x > 0 and for every n. 
From (3.1), we see that {w,,(g)} € B since 


( F,(e) dr| Ep 
0 
and f is normal. Thus the conditions are sufficient. 


<M J F,(x) da, (3.1) 
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Now suppose that {w,,(g)} exists for every g in a(f) and belongs to f. 
Then {w,,(g)} is the sequence transform of g by F(x), where g is any 
function in a(f). So F(x) €[a(f) > 8], and consequently 


F(x) € a*(f) = o,(f). 
Also {u,(g)} = ' [ F ' (x)g(x) d. “| ep 
for every g in a(f), and, taking g = 1 everywhere in [0, 00), we see that 


(f mee pe 
| | Fatahaal © B.- 


Hence the conditions are necessary. 


Examples. The spaces ¢, co, (r > 1), o., ¢, Z, O1, Ov, 6. 02, E,, F., 
and 6 are normal [(1) 278], so that, in (3,1), 8 could be any one of these 
spaces. 

(3, 11). If of) < Bf) ae and {F,(x)}€M, then F(x) trans- 
forms B( ce ) into T if and only if (i) F,,(a) € B*(f) and (ii) {F,(x)} is c-egt(u). 

Let g(x) € B(f) and let w,(g) be given by (1.1). If F(x) e A*(f), F, 
applies eds to B(f) and {w,,(g)} exists for every g in B(f). 

If also {F,,(x)} is c-egt(u), then, by (2.1), given any « > 0, 

|F,(2)—F,(x)| <e (3.2) 
for all n, n’ > N(e) and for almost all x > 0; N is independent of z. 
Then, by (1.1) and (3.2), 


ie) 


=| [ F@—F,@)jg(a) de 


0 


|Un(g)— 





: <ef \g(e)ide < ekg) 
0 
for all n, n’ > N(e) since B(f) < o,(f). Hence {u,(g)} eT for every g 
in B(f). Thus the conditions are sufficient. 
Conversely, if {u,,(g)} exists for every g in B(f) and belongs to I’, then 
F,(x) €[B(f)>T], and so F,(x) € B*(f); also, with any « > 0, there 
exists N(e,g) such that, for all n, n’ > N(e,g) and for every g in B(f), 


F,, (x) —F,,(x)}g(a) da| < e. 





Hence F,(x) is B*(f)B(f)-cgt. But, by hypothesis, B(f) > ¢(f) and 
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{F(x)} € M; therefore, by (2, 1), {F,(x)} is c-egt(u). Hence the conditions 
are necessary. 


(3, IIL). F(x) belonging to o,(f) transforms collectively bounded sets in 
o..(f) into collectively convergent sets in T if and only if F,(x) is con- 
vergent in mean. 


Let g(x) € X, a collectively bounded set in o,,(f); then, by definition, 
\g(x)| < M for almost all x > 0 and for every g in X. 

Let u,(g) be given by (1.1), and suppose that F, (x) in o,(f) is con- 
vergent in mean; then, by (2.2), for any « > 0, there exists N(e) such 
that ¥ 

| \F@)—Fla)|de <e 


0 


for all n,n’ > N(e), and therefore 





\u,(g)—U,(9)| _ | {F, (x) —F,,(x)}g(x) da 
0 


<M { |F,(x)—F,(a)\de < Me 
0 


for all n, n’ > N(e) and for every g in X. 
Hence the sequences {w,,(g)} form a collectively convergent set in I’. 
Conversely, if the sequences {w,(g)} form a collectively convergent 
set in TI’, then 
<e (3.3) 





| Faigle) dex 





for all n, n’ > N(e, X), for every « > 0, and for every g in X, where 
X is any collectively bounded set in o,,(f). 
If F(x) is not convergent in mean, then there is some « > 0 for 
which ag 
| \F@)—F,(a)|de > e (3.4) 
0 
for an infinity of pairs n, n’. 
Let us take the collectively bounded set X’ consisting of the func- 
tions g(x) such that |g(~)| = 1 for all x > 0. 
Corresponding to an ¢« for which (3.4) holds and to the set X’, there 
exists an N(e, X’) for which (3.3) is true. 
Pick out any pair n,n’ for which both (3.3) and (3.4) hold, and for 
this fixed pair n,n’ take g(x) = 1 or —1according as F(x) > or < F,,(2), 
3695 .2.12 E 
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so that g(x) is in X’, and, by (3.3), 


| Fu@e)—F(e)| de <« (3.5) 
0 
for this fixed pair n,n’. 


But (3.4) contradicts (3.5); hence (3.4) is impossible, and so F, (x) 
must be convergent in mean. We have the corollary: 


CoroLuary. F,(x) belonging to o,(f) transforms collectively bounded 
sets in o.,(f) into collectively convergent sets in Z if and only if F,(x) is 
convergent in mean to 0. 


(3, IV). F(x) belonging to o,(f) transforms int-bd sets in o,(f) into 
collectively convergent sets in T if and only if {F,,()} is c-egt(u). 
Let X be an int-bd set in o,(f); then, by definition, 


f \g(e)\de <M (3.6) 
for every g in X. : 
Let {F,(x)} be c-cegt(u); then, by (2.1), with any « > 0, there exists 
N(e) such that, for almost all x > 0, 


|\F,(«)—F,(@)| <e (3.7) 


for all n,n’ > N(e). 
Let g(x) ¢ X, and u,(g) be given by (1.1); then, by (3.6) and (3.7), 


\Un(9) —U,(9) |= 





| Fe) FAw)}g(@) de 
6 


i) 


< J ale) Fr x)| |g(x)|dx < «<M 


for all n,n’ > N(e) and for every g in X. Hence the sequences {u,,(g)}, 
where g E X, Senin a collectively convergent set in T. 

Conversely, if the sequences {w,,(g)} form a collectively convergent 
set in I for the functions g(~) € X, where X is any int-bd set in o,(f), 
then, for every g in X, 





| Fu@)—F@)jg(a) da} < 

0 

for all n,n’ > N(e, X) and for every int-bd set in o,(f). Hence we can 
prove, by the same method of proof as in (3, III), that {F,,(x)} is c-egt(u). 


I wish to thank Dr. R. G. Cooke for some useful suggestions in con- 
nexion with the paper. 
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THE SPHERE, CONSIDERED AS AN 
H-SPACE MOD p 


By J. F. ADAMS (Cambridge) 
[Received 28 May 1960] 


I. M. James (4) has suggested a classification of H-spaces into ten 
classes and has given examples to show that five of these classes are 
non-empty. It is one of the objects of this paper to give examples 
showing that all ten classes are non-empty. I begin by summarizing 
James’ classification. 

By an H-space we shall understand a space X provided with a base- 
point ee X and a product map pw: X x X > X such that p(z,e) = z, 
p(e,z) = x. We shall say that two H-spaces (X,e,pu), (X’,e’, pu’) are 
equivalent if there is a homotopy-equivalence f: X, e > X’, e’ such that 
the following diagram is homotopy-commutative. 


Exo 


fxf | | 
X’xX’ + x’ 

Let A denote an adjective applicable to H-spaces, as for example 
‘associative’ or ‘commutative’; then we shall say that an H-space 
(X,e,) is equivalent-A if there is an equivalent H-space (X’,e’, u’) 
which is A. 

An H-space may be 

(a) not homotopy-associative, or 

(6) homotopy-associative but not equivalent-associative, or 

(c) equivalent-associative. 
Similarly, tt may be 

(d) not homotopy-commutative, or 

(ec) homotopy-commutative, but not equivalent-commutative, or 

(f) equivalent-commutative. 
In this way we obtain nine classes of H-spaces. One of these classes, 
however, can be divided into two, for, if an H-space is equivalent- 
associative and also equivalent-commutative, it may be 

(g) equivalent-(associative and commutative), or 

(A) not so. 
In this way H-spaces can be divided into ten classes. 
Quart. J. Math. Oxford (2), 12 (1961), 52-60. 
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I remark that our definition of ‘equivalent-associative’ (chosen for 
its obvious homotopy-invariance) is different from James’ definition 
and not obviously equivalent to it. It is therefore possible that the 
ten classes defined above differ from James’ ten classes. However, the 
ten examples I shall give serve equally well in either context. 

These ten examples are all spheres, mutilated in one fashion or 
another. To prove that they are not equivalent-associative, or not 
homotopy-associative, we rely on the following two lemmas: 


Lemma |. For each odd integer n > 5 there is an infinity of primes p 
such that the exterior algebra E(n; Z,) is not a possible cohomology ring 
H*(X; Z,) for an equivalent-associative H-space. 

Lemma 2. For suitable odd n (e.g. n = 7) the exterior algebra E(n; Zs) 
is not a possible cohomology ring H*(X; Z,) for a homotopy-associative 
H-space. 

Proof of Lemma 1. Suppose that X is an equivalent-associative H- 
space whose cohomology ring is E(n; Z,,). Then there is an equivalent 
H-space X’ which is associative and has the same cohomology ring. 
By (2) it has a classifying space B; and H*(B; Z,) is a polynomial ring 
P(n+1; Z,). Let x be a generator of this ring; then x? + 0: that is, 
P£(x) £0, where f = 4(n+1). By the Adem relations (1), Pf can be 
factorized in terms of operations P?, where g = p’. Therefore at least 
one such operation P% is non-zero in P(n-+1; Z,)- This implies that 

n+1 | 2(p—1)p*. 
This is impossible if 
p>n+l, p # \mod }(n+1). 
If n > 5, we can find an infinity of primes p satisfying these conditions. 

The proof of Lemma 2 is closely similar. If X is a homotopy-associa- 
tive H-space, we can construct a ‘projective 3-space over X’, say B. 
The cohomology ring H*(B; Z,) is then a truncated polynomial ring, 
in which the cube of the generator is non-zero. We now apply the 
Adem relations, as above, with p = 3. 

It is natural to study H-spaces X such that H*(X; Z,,} = E(n; Z,), 
because this is one of the simplest cohomology rings possible for an 
H-space. Our next theorem will provide examples of such H-spaces. 

Let » be an odd integer greater than one; let us divide the primes p 
into two classes, P and Q. Let Z be the additive group of integers, 
and F the additive group of fractions t/u such that all the prime factors 
of u lie in Q. 

It is easy to see that one can construct a countable CW-complex X 
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containing the n-sphere S” as a subcomplex, so that X is a Moore space 
of type Y(F,n), and so that the induced homomorphism 


ix: H,(S") > H,(X) 


realizes the embedding of Z in F. (Further details will be given below.) 
We have the theorem: 


THEOREM. Such a space X satisfies the following conditions. 


(i) H*(X; Z,) = E(n;Z,) if pe P. 
(ii) If r An, then (X) =~ ¥ p7,(8"), where ,7,(S") denotes the 
peP 


p-component of the torsion group 7,(S8"). 
(iti) If 2 € Q, then X is a commutative H-space; if (in addition) 3 € Q, 
then X is homotopy-associative. 


We may summarize this theorem by the ‘slogan’ that ‘an odd sphere 
is an H-space mod p’. The author originally made this remark in 1956, 
in order to answer 2 rather technical question concerned with the 
p-components of the homotopy groups of spheres. It was not published 
at that time. Taken in conjunction with Lemmas | and 2, it evidently 
yields examples of H-spaces of the following classes: 


(i) commutative and not homotopy-associative; 

(ii) commutative and homotopy-associative, but not equivalent- 

associative. 

It also yields examples in connexion with the work of Stasheff and 
the author on A,-spaces (7); however, no details of this application 
will be given in the present note. 

Proof of the Theorem. We first make explicit the construction of X. 
Let d,, (m = 1,2,...) be a sequence of positive integers, to be chosen 
later; let e be a vertex in S” and let f,,,: S",e > S”,e be a map of degree 
d,,. We may construct a CW-complex X by taking the product 


m* 


(U [2m—1, 2m)) «x 8" 
and identifying each point (2m,x) with (2m+1,f,,(x)). (X is thus a 
‘telescope’.) The sphere S” is embedded in X as 1x S". We easily see 


that H,,(X) = F’, 
where F’ is the additive group of fractions t/(d,d,...d,,); the induced 
homomorphism i,: H,(S") > H,(X) 


realizes the embedding of Z in F’. We can ensure that F’ = F by a 
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suitable choice of the integers d,,. By our construction, X is (n—1)- 
connected and has H,(X) = 0 forr ~ 0, n; X is therefore a Moore space, 
of the sort required. 

We establish part (ii) of the theorem by two applications of Serre’s 
C-theory (6). Let Cg be the class of torsion groups in which the order 
of each element is a product of primes in Q; similarly for Cp. Then the 


homomorphism ig: H,(S") > HX) 
is an isomorphism mod Cg for each r. By the main theorems of (6) we 
py 3 igi 7S") > 0X) 


is an isomorphism mod Cg for all r. 

Next, let R be the group of rationals; then the Eilenberg—Maclane 
groups H,(R,n) may be described as follows. H*(R,n; R) is an algebra 
over R on one generator of dimension n; it is a polynomial algebra or 
an exterior algebra according as n is even or odd. Forr > 0, H,(R,n; Z) 
is the vector-space dual (over R) of H’(R,n; R). (These facts are easily 
established by induction over n.) Let Y be a space of type K(R,n); 
then it is possible to find a map f: X + Y such that the homomorphism 


fx: H,(X) > H,(Y) 
realizes the embedding of F in R. Since n is odd, 
Sa: H(X) > H{Y) 
is an isomorphism mod C; for all r. Hence 
Sai ™A(X) > 2(¥) 


is an isomorphism mod C,p for all r. These conclusions establish part (ii) 
of the theorem. 

We begin work on part (iii) of the theorem by considering the sym- 
metric square XX of X; a commutative product on X is equivalent to 
a retraction of {=X onto X. We shall show that, if 2¢ Q, then X is 
a deformation retract of =X, so that X admits one and only one 
homotopy class of commutative products. 

For this purpose only the homotopy-type of the pair =X, X is 
relevant; and this is determined by the homotopy-type of X, which 
is determined by the data. We can therefore work in terms of any 
chosen X. Let us take X to be a ‘simplicial telescope’, in the obvious 
sense. Then X is an enumerable CW-complex, and X? admits a triangu- 
lation which is preserved when the two coordinates are permuted. In 
this way &X becomes a simplicial CW-complex. Moreover, X is the 
union of an increasing sequence of subcomplexes, each equivalent to 
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S”"; therefore =X is the union of an increasing sequence of subcom- 
plexes, each equivalent to XS”. Since n is odd, we have 
Z (r= 0,n), 
A(ZS") ={ Z, (r= n+2,n+4,..., 2n—1), 
0 otherwise. 
In order to calculate H,(XX) as a direct limit we need only know the 


homomorphism (Zf,,)e: H(ZS") > H(ZS") 


—Jm 


induced by a map f,,: S" > 8S” of degree d,,._ This homomorphism is 
zero if r > n and d,, is even, as one sees by the method of [(8) § 11]. 
We conclude that, if 2 € Q, then 

A(=X,X) = 0 
for each r. It follows that X is a deformation retract of XX. 

We must now insert a slight digression. Since the homotopy-type of 
X is well-determined, we can prove part (i) of the theorem by calculat- 
ing H*(X; Z,,) for some convenient X, for example, a telescope. More 
generally, let A be an abelian group and let G be a group in C,; then 


we have F@,F=F,  Tor,(F,A) =0, 

Hom,(F, G) = G, Ext,(F,G) = 0. 
For example, the group Ext,(Ff,G@) can be found by calculating 
H"+1(X; G) when X is a telescope; or, equivalently, we can remark 


that the chain groups of such a telescope provide a resolution of F 
over Z. 

We complete the proof of part (iii) of the theorem by comparing X 
with a loop-space. Let S*X be the (reduced) double suspension of X, 
taking e as the base-point; S*X is thus a Moore space of type Y(F',n+ 2). 
We can embed S(2X) in &(SX) by the rule 


i(t, (e,y)) = ((t,),(t,y)) (0<t<)). 


This is consistent with the embedding of SX in each. Therefore we 
can embed S?(~X) in X(S2X) consistently with the embedding of S2X in 


each; we see that H(ZS2X, SEX) = 0. 
The retraction from =X to X gives (by double suspension) a retraction 
from S?ZX to S?X; we can now extend this to a retraction on ©S?X. 
Let us write 
r: UX > X, R: XS?2X > S?X 
for the retractions we have constructed, and let Q2S2X be the double 
loop-space on S?X. The product R on S?X induces a product pp on 
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Q2S?X. We have an embedding 
jp: X + Q?82X; 
we now show that j is a homomorphism, with respect to the products 
’, 4p. The verification is trivial. For 
(jr(ay,.%4))(t, u) = (t,4,r(@%,%)) (by definition of j) 
(H(J%1,j%2))(t, u) = R((jay)(t, u), (jare)(t,u)) (by definition of pp) 
= R((t,u, x), (t, u, x2) 
= Ri(t, u, (x4, %2)) 
(where 7 is the embedding of S*XX in XS2X) 
= (t,u,7r(x,,2%_)) (by construction of R). 
We have thus shown that j is a homomorphism provided that the 
product used in Q?S?X is wz. On the other hand, this product in 
Q2S82X is homotopic to the ordinary product of loops, as is well known; 
and the latter is homotopy-associative. We conclude that there is a 
ney h: [x X3-> Q282X 
in Q2S2X, between the maps 
w(x 1), w(x pw): X° > X. 
It remains only to compress this homotopy into X. 

Since the groups 7,(X), 7,,.(S#X) are in Cp for r ~n, the groups 
m7(Q?2S82X,X) are also in Cp. It is easy to calculate H,(Q?S2X), 
H*(Q?S?X; R) in a limited range of dimensions; since n is odd, we find 
that 0 if0<r<p(n+l)-2, 

Z, ifr = p(n+1)—2, 

where p is the smallest prime in P. Therefore 7,(Q?S?X,X) = 0 if 

r < p(n+1)—2. On the other hand, if G is a group in Cp, we have 
H"(Ix X8,(0U 1) x X8; @) = 0 

ifr > 3n+1. If p > 3, we have 3n+1 < p(n+1)—2, and the theory 

of obstructions shows that the required compression is possible. This 

completes the proof. 

To give our next example, we retain some of the notations used 
above, so that p is the smallest prime in the set P; we suppose that 
p > 2. Let Y be a space of type Y(F,n), as above, and let W be a space 
obtained from Y by the method of ‘killing homotopy groups’, retaining 


its first two non-zero groups (which lie in dimensions n, n+-2p—3) and 
killing the remainder. Then W is not equivalent to any H-space W’ 


Ho282X, X) = 
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which is both associative and commutative; for by a theorem of J. C. 
Moore, A. Dold, and R. Thom (3) such a space W’ is weakly equivalent 
to a Cartesian product of Eilenberg—Maclane spaces, which W is not. 
(In fact, W has a non-zero k-invariant, given by the Steenrod operation 
Fr.) 

However, W is weakly equivalent to a loop-space because the 
Postnikov invariant of W is stable; we therefore dispose of various 
devices for showing that W is equivalent to an associative H-space. 
We shall also show that W admits a commutative product. In what 
follows, we may suppose (as before) that our spaces are simplicial 
CW-complexes. We have a retraction from WU XY to W; we shall 
show that there is no obstruction to extending this retraction over XW. 
In fact, W may be obtained from Y by adjoining cells of dimension 
n+2p+2 and higher; therefore 

H(=W,WvUXY; G)=0 
for r << n+2p+2. On the other hand, 7,(W) = 0 for r > n+2p—3. 
The extension is therefore possible. 

Our further constructions depend on a modification of the ‘method 
of killing homotopy groups’. As above, we suppose the primes p divided 
into two classes P and Q. 

LEMMA 3. Suppose given an integer n and a CW-complex X such that 
m,(X) is a torsion group for r >n. Then there is a CW-complex Y cow- 
taining X such that ig: 1(X) > 2,{¥) 


is an isomorphism mod Cg for all r, while 
7(¥) = OmodC, forr >n. 


Proof. Suppose that we form a space X’ by attaching to X the cone 
on a Y(G,n), where GeCg. Then we have 


/ 7,(X’, X) = 0 modCy, 


for all r. If we take G = > ,7,(X), 
peQ 
we can ensure that ,(X') = > p(X). 
peP 


This gives the first step of an obvious induction, proving the lemma. 
It is easily shown (by obstruction-theory) that, if we start with a 
map f: X + X’ between two spaces such as X, we can extend it to a 
mapg: Y>Y’. 
Lemma 3 will provide us with all our remaining examples in a very 
simple fashion. Let us begin from the 7-sphere S’; it admits various 
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products, but they are neither homotopy-associative nor homotopy- 
commutative. For each product p, the separation element which shows 
that » is not homotopy-associative lies in 7,,(S8’). Let Q be the set of 
primes p such that ,,7,(S’) ~ 0; then Q is finite. Using Lemma 3, we 
may kill the corresponding p-components from dimension 21 upwards, 
obtaining a space X. Any product p: S’x 8S? > 8’ can be extended 
to a product px’: X x X + X; choose one such product py’. By construc- 
tion, we have an associating homotopy defined over S’ x S’ x S87; and 
the further obstructions to extending this homotopy over X x X x X 
lie in cohomology groups which vanish. 

The H-space X is therefore homotopy-associative. It is not equiva- 
lent-associative because Lemma | applies for an infinity of primes p. 
It is not homotopy-commutative because we have done nothing to 
alter the separation elements in 7,,(S"). 

Similarly, let us begin with a product 


p: S?x 8? > 8? 


such that the separation element to homotopy-commutativity is of 
order 2 in z,,(S’). [It is easy to see that such a product exists ; cf. (3.1) 
of (5)|. Using Lemma 3, we may kill the 2-components from dimension 
14 upwards, obtaining a space X. Arguing as before, X is an H-space 
and is homotopy-commutative. It is not equivalent-commutative 
because XX cannot be retracted onto X, owing to the non-zero operation 


Sq?: H(=X; Z,) > H(ZX; Z,). 


It is not homotopy-associative, by Lemma 2. 

Similarly, we may employ both the above devices. Let X be a space 
obtained from S’ by killing ,7,(S’) for r > 14 and ,7,(S’) for r > 21 
and a suitable finite set of p; then X admits a product which is homo- 
topy-commutative and homotopy-associative, but neither equivalent- 
commutative nor equivalent-associative. 

Lastly, let X be a space obtained from S’ by killing 7,(S8’) for r > 13. 
Then the Postnikov system of X is stable, so X is weakly equivalent 
to an iterated loop-space Q”Y for as large an m as we please. In 
particular, X is equivalent-associative and homotopy-commutative. It 
is not equivalent-commutative, for the same reason as before: 


Sq?: H(2=X; Z,) > H(EX; Z,) 


is non-zero. 
If we add to these examples the standard H-space structures on S', 
S’, and S’, we obtain the ten examples required. 
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We have in fact done more than was needed. At various points we 
were committed to prove propositions of the following form: ‘a certain 
H-space (X,e,) does not have the property P’. On each occasion, 
we have proved in addition that (X,e,u’) does not have the property 
P for any other product p’. 
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THE COLLEAGUE MATRIX, A CHEBYSHEV 
ANALOGUE OF THE COMPANION MATRIX 


By I. J. GOOD (Teddington) 
[Received 31 March 1960] 


1. Summary 

In the theory of canonical matrices the companion matrix plays a 
central role. It is pointed out here that a different matrix, resembling 
the companion matrix, can play much the same role. I call it the 
‘colleague matrix’. It has the same relation to trigonometric poly- 
nomials that the ‘companion’ has to ordinary polynomials. I do not 
know whether there is a wider class of analogous matrices of any interest 
to which the companion and colleague both belong. 


2. Chebyshev polynomials 


The following definitions and formulae are among those given, for 
example, in (4). They are repeated here for convenience of reference. 


T(x) = cos(ncos—1xz) (n = 0, 1, 2,...), (1) 
U,,(x) = (1—a*)-* sin{(n+1)cos~!z} (n = 0, 1, 2,...), (2) 
Uz) = 1, U,(x) = 22, U,(x) = 4x?—1...., 
T(z)=1, Fiz)=—2, Tle) = 2°—1...., (3) 
C,(x) = 27, (3x), S,(x) = U, ($2), (4) 
T,,+1(%) = 2xT,,(x)—T,,1(2), (5) 
Unss(%) = 2xU,(x)—U,,_,(x), (6) 
T(x) = 4U,(x)—3U,_2(2), (7) 
T,,(x) = xU,,_,(x)—U,_,(z), (8) 
T',(z) = nU, (x), (9) 
U,(%) = {T,(2)—T, +9(x)}/(1—2?). (10) 
By a T-series we mean one of the form 
ay+a, T,(x)+a, T,(x)+..., 


terminating or non-terminating; and we similarly define U-series, 
O-series, and S-series. When they terminate they may be called ‘finite 
Chebyshev series’, as in (3), and are expressible as trigonometric poly- 


Quart. J. Math. Oxford (2), 12 (1961), 61-68. 
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nomials with argument cos-!z. They can also be expressed as ordinary 
polynomials, but for the purposes of numerical calculation it is better 
not to make the rearrangement in most situations. For a discussion 
of their importance for numerical work, see, for example, (4) and (5). 

By using formulae (4), (7), and (10), we can effectively express 7’, U, 
C, and S series in terms of one another. 


3. Relationship of Chebyshev polynomials to determinants and 
matrices 
By expanding each of the determinants in terms of its first column 
and using the recurrence relations (5) and (6), we can prove at once that 





= Se eos 0 
i—i & -F.. 8 «6 
ee a es 0 
7,,(2) = (11) 
0 0 0 22 —1 
0 0 0 —] es 
and on a, ee a ce 
a a eer 0 
ee a ee eee (12) 
0 0 0 22 —1 
0 0 0 —l1 2Q& 











These two results are examples of the well-known fact that a triple- 
diagonal determinant can be computed by means of a sequence of 
trinomial recurrence relations. [Compare, for example, (8), 102; (5) 
376; and (7) 35.] In formula (11) we may, of course, interchange the 
two corner elements x and 2x (but the x cannot be interchanged with 
any of the other 2z’s). 

Formula (12) can be re-expressed: S,(A) is the characteristic poly- 
nomial |AI—K| of the matrix 


eo ee 
eh eee 2 
oe 

7 te Oo} 
Se eee we 
aS aoe oT 








(Up to this point I have said nothing new.) 
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It can now be easily proved by induction that 


U,,(2)+a, U,,-1(2)+...+@, 


2x —1 es 0 0 
i—l @e -—-21 .. 0 0 
= | es wage ke eee 
| 0 0 as as 2x —1 
id; Mis Gi: ss ee 2r-+a, | 


The inductive proof can be obtained by expanding the determinant in 
terms of its first column. [This result is closely related to (3).] We can 
replace 2x by x and the U’s by S’s. We can also prove that 


T,,()+-a, T,,_;(%)+... +4, 





| 2x —1 0 = 0 0 
\—1 2 —-—1.. 0 0 
=| a a 0 0 (14) 
| i en Fe —1 
| @, Qn» Ge - - —l+a, 222x-+0, 


This can be proved by expanding the determinant in terms of its first 
column, and making use of equations (13) and (8). 

Formula (13) can be expressed in the form: the characteristic poly- 
nomial of the matrix 7 


0 1 0 bs 0 0 
1 0 1 ves 0 0 
pe Ce ee er ee ee ee ee (15) 
0 0 0 0 1 
—G@, —G@,-4 —Ga-g - . 1—a, —a 
is a(A) = S,(A)+a,S,_1(A)+...+a,. 
Now it is well known that the characteristic polynomial of the matrix 
0 1 0 eg 0 0 
».| * 0 1 ee. oa 16) 
—b, —b, -— ~~ bn-2 ot i —b, —b, 
is b(A) = A"+b, A"“1+...+-5,, 


and B is usually called the ‘companion matrix’ of this polynomial [see, 
for example, (6) 20]. Accordingly I shall call A the ‘colleague matrix’ 





nas ees a 
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of a(A). Another possible name would be ‘Chebyshev matrix’, but this 
might be confused with a matrix of the form 7',(A) as used in (12). 

When the roots p,, p,..., 4, Of b(A) = 0, are distinct, the companion 
matrix can be diagonalized by means of the similarity transformation 
Q-!BQ, where Q is the Vandermonde or alternant matrix 


1 1 2% 1 
Q=| Ps" = + 
a rn oe 


[See, for example, (6) 73.] Likewise, if the roots A,, A ,..., A,, of a(A), are 
distinct, the colleague matrix can be diagonalized by means of the 
similarity transformation P-!AP, where P is what may be called a 
‘Chebyshev alternant matrix’, 


1 1 oe 1 
P — S,(A,) “ 1(Az) —* Si(A,) 
S,,-1(A) S,,-1(Ag) . ° S,,-1(A,) 


This can be proved by showing that the columns of P are eigenvectors 
of the colleague matrix. There is an extension to the case of equal 
roots, as for the companion matrix [(8) Chap. VI] by means of a 
‘Chebyshev confluent alternant matrix’. The analogue of the example 
given in [(8) 60] is as follows. 

Consider a colleague matrix of order 6 having eigenvalues «a, «a, «, 
B, B, y (i.e. one triple, one double, and one single). Then 


0 1 0 0 0 0 1 0 0 1 0 1 

1 0 1 0 0 © JIS ia) Sia) 0  — SB) S{B) Syy) 
0 1 0 1 0  O J] Sy(ax) Sse) (1/21)S5 (a) Sy(B) S%(B) Sey) 
0 0 1 0 1.  O JISy(cx) 83a) (1/2183 (ax) SB) S3(B) Sy(y) 
0 0 O 1 0 1 JISyax) Sia) (1/2187) SB) SKB) Sy(y) 


—d, —A, —@, —az 1—a, —a,}LS;(a) S5(x) (1/2!)S5 (a) S;(B) S;3(B) S;(y) 
a 1 0 3 1 y 

wWS;(x) {uS,(ax)}’ (1/2!){aS,(x)}” BSB) {BS,(B)}’ yS,(y) 

= |aS,(a) {aS,(a)}’ (1/2!){aS,(a)}” BS(B) {BS(B)}’ yS.(y) 


LouSs(ax) fuSs(ax)}’ (1/2 !){uS,(a)}” BSB) {BS;(B)}’ ySs(y) 





Sa) Sa) 0 SB) SB) S|] % 2 OOO 
= |S,(a) S3(a) (1/2!)Sz(a) S,(B) SB) S2(y) Con oe 
A ey MES Me me EE 
LSs(a) Solu) (1/2!)SZ(a) S,°3) S5(B) Sy(y) Spare p 7 
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4. Analogue of Danielewsky’s method 

One methed for obtaining the characteristic polynomial of a matrix 
is to reduce it to companion form by means of a succession of simple 
similarity transformations, and one form of this method is due to 
Danielewsky. [See, for example, (2) 375.] Although Mr. J. H. Wilkinson 
tells me that Danielewsky’s method, as usually described, is very liable 
to be unstable, it is of theoretical interest to note that it can be modified 
in order to obtain the colleague matrix, and thus to obtain the charac- 
teristic polynomial in the Chebyshev form. 

As in (2), I shall exemplify the procedure by means of a 4 4 matrix 


Q, Ag Ag Ay 
Aa |% “ss Sm Su 
G3; 32 3g Agg 
Aq, Un Ug Uy 


Let is = 1 0 0 0 
wm =| “so “se Sm E-1— [9% %2 %3 % 
a . St CE : 0 0 1 Of 
oe ee 0 0 0 1 


Let D, = E;1AE,. The top row of D, is (0,1, 0,0). Let its second row 
be (do, dye, deg, dyy). Let . 


1 0 oO 90 1 0 0 0 
0 1 0 O 0 1 0 0 
E, = ‘ E;1 = 4 
, €31 32 ©33 34 : dy—1 doy deg dy 
. ©..*4 1 0 0 0 1 


where 
€33 = Ides, 3, = (1—dqy)/dog, e3; = —dy;/deg (j # 1,3). 


Let D, = E;'D,E,. The top row of D, is (0, 1, 0, 0); the second row is 
(1, 0, 1, 0). Let the third row be (d5,, dg, dsg, dgq). Let 


1 0 0 0 1 0 0 0 
a oe ee ee 1 0 0 
== eo @ FE *= 0 0 1 of’ 
Car a2 ©43 Sas ds, dyg—1 yg aya 
where 


Csg = 1/dgq, C42 = (1—dgq)/dgq, ey = —ds;/dg (j # 2,4). 
Then D, = E;'D, E, is of the required form. 


3695 .2.12 F 
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The general formulae defining the e’s are 
Cy = —Gjaidjig (j #I—2,%), 
Ci¢-2 = (1—dj_14-2)/di rs, 
Cry = 1/dj_44- 


Small or vanishing denominators (‘pivots’) can be coped with as in (2). 


5. Approximate zeros of a real function 


Suppose that we wish to approximate to the zeros of a function in 
a finite interval, which may be taken as (—1,1) without real loss of 
generality. Let the function be approximated to (by known methods) 
by means of a terminating S-series. Then the real zeros of this approxi- 
mating polynomial can be obtained as a subset of the eigenvalues of 
the colleague matrix. For methods of obtaining eigenvalues see, for 
example, (1), (5), (9). 

This method of locating zeros is analogous to the well-known method 
of finding zeros of an ordinary polynomial by making use of the com- 
panion matrix. If the iteration for finding the eigenvalues uses column 
vectors, then the analogue is with Bernoulli’s method; if it uses row 
vectors, the analogue is with Dietzold’s method. 

Trouble may arise as usual if two of the zeros of the original function 
are very close together. In order to detect possible trouble it would 
be of use to know something about the zeros of the derivative of the 
function. (Formula (9) can be used to get the derivative.) If, at a 
stationary point, the value of the function is small, then there is a 
danger that two zeros will be missed. 

Since I have not yet tried these numerical methods, I am not yet 
claiming anything for them. The justification for mentioning them in 
the present paper is in order to indicate further analogies between the 
companion ‘and colleague matrices. 


6. Location of zeros of a polynomial 

A method has been given by Parodi (10) for circumscribing the zeros 
of a polynomial 4b, 2"-P+...+b, 2+, 
and the proof of his result depends on the use of the companion matrix. 


His argument, which was a little more complicated than necessary, 
again has an analogue for finite Chebyshev series. In fact, all the zeros of 


U,(2)+a, U, _p(@)+4p41 U,-p-1(2)+ oo 6, 











—— OS 6h 
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lie in the closure of the union of the interiors of the curves |\z| < 1 and 
|On—p+a(2)+ U,(2) +4 Up -p(2)| 

< {lan |+ lap al+---+ l@psal t+ ltp4a—1)}|U,-p(2)]- 
The main value of this result will presumably be for circumscribing the 


real zeros of polynomials since it is only on the real axis that Chebyshev 
series have numerical advantages over ordinary polynomials. 


Proof. Take equation (13) with replaced by n—p+1, and the 
bottom row replaced by 


Any Ansys +++» Opa, —144y41, 28+{a,—22+(U,4+U,_»-1)/Un-p}- 
We find on using equation (6) that 


|\%e —-1 0 .. 0 0 | 
| —l1 2 -1.. 0 0 | 
| a i Qa 1 | 
| @ Gn-1 U-2 - . —14- 4p 44 a,+(U,+ th. | 


= U,+4, Uy» +41 Un—p-r t+ +On- 

The result now follows by means of an application of a theorem for 

the non-vanishing of a determinant due, in its original form, to Lévy. 

[For a list of references see (11).] The theorem is that a matrix {m,,} is 
non-singular if it is dominated by its diagonal in the sense that 


; sr 
|My | & > \m,s| (r = 1,2,...) 
8 


with strict inequality for at least one value of r. 
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THE SPIN REPRESENTATION OF THE 
COMPOUND AND INDUCED MATRICES 
OF AN ORTHOGONAL MATRIX 


By A. O. MORRIS (Aberystwyth) 
[Received 25 June 1960] 


1. In this paper I show that the spin character of the compound and 
induced matrices of an orthogonal matrix can be written in terms of 
the characters of the original matrix. An explicit form is found for 
the spin character of the second compound and second induced matrix, 
but, for higher degrees, the results soon become elaborate, and cannot 
be explicitly formulated. 

Before proceeding, I quote the results (1, 2). If A is an orthogonal 
matrix of order n*, where n = 2v or 2v-+-1, and the basic spin character 
of A is denoted by ¢(A), then 


{(A) = TI (2008 46,), (1.1) 


where e** (r = 1,2,...,v) are the variable characteristic roots of A. 
Further, if A and B are orthogonal matrices with m and n rows respec- 
tively, and 


(A) = f(A) when A is an even-rowed matrix, (1.2) 
¢(A) = V¥2¢(A) when A is an odd-rowed matrix, (1.3) 
then 4(A+4 B) = $(A)$(B). (1.4) 


The cases of compound and induced matrices are dealt with 
separately. 


2. Compound matrices 
As usual, the rth compound matrix of a matrix A is denoted by A", 
We first prove the following result. 


THEOREM [. /f A is an n-rowed orthogonal matrix, then 


(AQ) = 2[v—1,v—2,...,1] when n = 2v, (2.1) 

except when A has negative determinant, in which case 
d(A") = 0, (2.2) 
and d(A™)) = 2+ yp—4, vp—Z,...,4] when n = 2v+1. (2.3) 


Quart. J. Math. Oxford (2), 12 (1961), 69-77. 
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The cases in which A has an even or odd number of rows are dealt 
with separately. 
(i) (2 = 2v) For an orthogonal matrix A of positive determinant, 


we wie prey ee se oS (2.4) 
eid, 
where A, = , | 
r e-i4, 
The second compound matrix of A is 


Al) = ¥ AM 4 
1 


f= 


> 4,xA,. 
8= 


r 1 


By (1.4), we have 
$(4%) = 4( ¥ Am) 4[ ¥ (4,x4,)] 
r=1 r,s=1 


= 11 44") TT (4,4). 
But, by (1.3) and [(1) 329], we have 
d(Ai") = v2, ¢(A, x A,) = 2.cos 6,+-2 cos 8,. 
Hence, it follows that 
$(AM) = av II (208 8, +2 008 4). (2.5) 
If A(x;) denotes the product ee differences of n variables 2,, X9,..., Ups 
- N(x) = T] (@—a) = let". 


Multiply numerator and denominator by A(2cos6,), giving (A) 


in the form 
ow Al4 cos”6,) _ 90 |(4 cos?6,)”-$| 
A(2 cos 8,) |\(2 cos 6,)"-*| 





$40") = 
Using the relationship 


{tn} ve 1 
2cosn@ = (2 cos 0)" + = (—1y : 1)" (2 cos 6)"-2" 
r=} 


‘(n—2r)! rt 
and adding and subtracting rows as necessary, we obtain 

H(A) = B/CF-9|/|CF-9, 
where C}”) = 2cosr, (r 4 0), Cj) = 1. 

But, when n = 2v[(2) 244], 
[A] = |opt*-9| /|Of"-*), (2.6) 

and thus we prove that 

d(A}) = 2[v—1,v—2,..., 1]. 
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For an orthogonal matrix of negative determinant, 
A, = [" i}: and ¢(A,) =0. 


Hence $(A}) = 0. 


(ii) (7 = 2v+-1) An orthogonal matrix of positive determinant can 
be written in the form 


A = > 4,+[1] (2.7) 
In this case, the second compound matrix of A is 
Ae = ¥ A+ ¥ (4,x4,)+ 3 4, 
Hence, we have 
Am™®) = TIte4?") II, ¢(A, x A,) II 4(4,) 


— 2hv+) en at II (2 cos 46,). 


Multiplying the numerator and denominator by 


TI (2sin 40,) 
r=1 
and simplifying the resulting determinant: by the usual method gives 
¢( A") = Qi +1) G(2v— 28+ 1) / | Siv—s+), 


where S{? = 2sinr@, But, we have [(2) 245] 


[A] = : |SPtr- s+#)| / [Se-sth), (2.8) 
and hence $(Al) = 2he+fyp—}, yp—§...., $]. 
An orthogonal matrix of negative determinant takes the form 
A= > A-+[—1]- (2.9) 


In this case, we have 


A) = ¥ Ad ¥ (4, xA,)4 3 (Ay) 





and hence ¢(AM) = 2000 7 TT (2sin 40,). 


Multiplying the numerator and denominator by 


iu (200s 46,) 





> OE 


ROSS Toe 


en ee 
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and simplifying in the usual way gives 
¢(A‘")) ake QHv+1)| Gi2v— 28+) | | \Civ—s+|, 
By using the corresponding formula to (2.8) for negative determinant, 
i.e. [A] ae | S{fe+v—s+1)| | |CP-s+»), (2.10) 
we prove that p(Al) = 26+ yp—4h, vp—§...., 4]. 


As mentioned previously, even for the case of the third compound 
matrix the above process becomes very elaborate, and nothing will be 
gained in continuing with this method. 

The following lemma is now proved: 


Lemma. (i) If A = ¥[A,], then 
r=1 


s8=0 ie 
EP. ((v—2s— 

(0) a = > |( Pst ‘\z Lanne (m= 2+1) (2.12) 
s=0 


where A denotes the direct product A, x A,X... A,, with 
1,2,...,@ 1 2 qa 


eid, 
A, = a ie 
[toa 


(ii) If A => [4,]-L[1], then 


1 


(a) AQ = S Rey > Az... a} 4 3 fey) > Ars... 


(m = 2u+1). (2.14) 
For A= ¥ [4,]4[—-11, then AO” is given by (2.13) and (2.14) with 
r=1 


> A12.....26-1 and > Aj» 2s replaced by > —Aj» 25-1 and > —Aj» 2s 
respectively. 


If A and B are any matrices, then the mth compound matrix of their 
direct sum can be written (2) 


[4+ Bye = [ayer 4 [BPe4"S Cay” xB}. 
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Similarly, the mth compound matrix of the direct sum of v matrices 


s [A,] is written 
r=1 


[> f4n]°” = d [404 & > (CAs x [4g] x... x £4.) 
r=1 r=1 (A) 

(2.15) 
where A,+A,+...+A, = m, and the first summation is taken over all 
the partitions of m into s or less parts, and the second over the v!/(v—s)! 
permutations of A,, Ag,..., A, taken s at a time. 


eid, 
if A,= ie, |> then we have 
e-, 


1 (p= 2), 
{17} 
ar” * (p > 2). 


Thus, for the case (i), we need consider only partitions of the form 
(128 24-8) for (a), and (1°%+1 2#-*) for (b); and, for the case (ii), partitions 
of the form (178-1 2#-*) and (178 2#-*) for (a), and (128+! 24-8) and (178 24-8) 
for (b). Hence, for example, in the case (i) (a), corresponding to the 
partition (17° 2#-*), we have the term 

> {A x Ag X «.. X Aga} X AW... x AM, = F Ay Xx AgX... X Aggy. 


The same term is obtained for the 


v—2s 

p—s 
possible ways of obtaining A,,,,,..., A,,, from the remaining v—2s 
matrices A»,,,, As49)---, A,- 

Hence the lemma follows, where we denote A,X A,X... A, by 
Aj. poood q° 

Using this lemma, we prove the theorem: 

THEOREM II. Jf A is an orthogonal matrix, then ¢(A"”) can be ex- 
pressed linearly in terms of the characters of A, with positive integral 
coefficients. 

By (1.4), and the above lemma, we need only show that ¢(> A;»__,) 
can be expressed linearly in terms of the characters of A, with positive 
integral coefficients, and the theorem will follow immediately. We have 


$(A12,.») = f(c0s 4,, cos Og,..., C08 8,), 
which is symmetric in cos 6,,..., cos 9,, and thus 


$(> Ais,.») = IT {f(c0s 4, cos 6,,..., cos 8,,)}, 
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where the summation and product are taken over the (") possible com- 
Pp 


binations of cos 6,, cos 4,..., cos4,. Thus, (> A; _,) is expressible in 
terms of monomial symmetric functions of cos 6,, cos 6.,..., cos 4,, with 
integral coefficients, and hence can be expressed linearly in terms of 
the characters of A, with integral coefficients. The theorem follows. 


3. Induced matrices 

The same process is now repeated for the induced matrices of A. 
We first find the explicit form of the spin character of the nth induced 
matrix of a two-rowed orthogonal matrix, and the spin character of 
the second induced matrix of an n-rowed orthogonal matrix. Secondly, 
the corresponding theorem to Theorem II for induced matrices is 
proved. 

As usual, denote the nth induced matrix of A by A™. We first prove 
the theorem: 


THEOREM III. Jf A is a two-rowed orthogonal matrix, then 





$(A™) = V2] [i] (m = 2), (3.1) 
i=1 
gam) =T] ew ies == 94-1). (3.2) 


i=0 
If A = diag(e*, e-‘%), then we have 
diag(e™?, e- mid em-2)i8 e—(m—2)i9 | g2i8 e-2i8 1) 


(m = 2v), 
Alm — 
diag(e™?, e-mid e(m—2)i8 e-(m—2718 ef e~i#) 
(m = 2v+1). 
Hence, 
$(A0™) 24+) cos m6 cos $(m—2)0...cos8 (m = 2yv), 
( cos $mé cos 4(m—2)@... cos $0 (m = 2v+1), 


which give the above results. 
We then have the theorem: 


THEOREM IV. If A is an n-rowed orthogonal matrix, then 


$(A}) = 2[y,v—1,...,1] (nm = 2v), (3.3) 
except when A has negative determinant, in which case 
¢(A®) = 0, (3.4) 


and $(AM) = 26+0fy43,v—4,...,38] (nm = 241). (3.5) 
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The proof follows closely the proof of Theorem I, and thus only an 
outline is given here. 
(i) (n = 2v) A has the form (2.4), and hence the second induced 


matrix is - Pa 
A) = > Ai} +. = (A,X A,). 
s= 


r=1 r 1 


Therefore, the spin character of A‘ is 
¢(A‘}) = 2 II (2 cos 6,) II (2 cos 8,+-2 cos @,), 
r=1 r,s=1 


which by the usual method can be shown to give 
H(A) = air Of-™+01 | |CP-9), 
Hence, by (2.6), we have 
$( A) = 2[v, v—1,..., 1]. 
For an orthogonal matrix of negative determinant, as in Theorem I, 
$(A®) = 0. 


(ii) (v = 2v+1) In this case, if A has positive determinant, it takes 
the form (2.7), and hence the second induced matrix of A is 


A® = > A@4 3 (A,x A,)+ > A,+[]]. 
r,8=1 r=1 


r=1 


Hence, we have 
Qy—28+1 
ics + )| v 


¢(A‘}) = ae Opa TI (2 cos 36,). 
Multiplying the numerator and denominator by II (2sin $6,) and 
simplifying as usual gives = 
H(A) = 2+] gi 24D} | |8y-*4H, 
By (2.8), we prove that 
f(A) = 26+ y+-4, v—f...., B]. 


If A is of negative determinant, then A‘ has the form 
A® = SAMd ¥ (4,x4)+ ¥(—4) 41] 
r=1 r,s=1 r=1 


and 4(A'}) is shown to have the form (3.5) using the formula (2.10). 
Finally, we prove the theorem: 








| 
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THEOREM V. If A is an orthogonal matrix, then ¢(A™) is expressible 
linearly in terms of the characters of A, with positive integral coefficients. 
The corresponding equation to (2.15) for the mth induced matrix is 


Am) = [Ag] + & ¥ ((Ag}™ [44] x... [4] 


where A,+-A,+...+A, = m and the first summation is taken over all 
partitions (A) of m into s or less parts, and the second summation over 
all the v!/(v—s)! permutations of A,, Ag,..., A,, taken s at a time. 

If A is an (n = 2v)-rowed orthogonal matrix, then let 

A, = diag(e*®, e-‘*). 
Therefore, we have 
([ A] x [Ag] x ... x [A,]8) = g(cos ,, cos O9,..., cos 8,), 

and hence 

d{> ([A,]™ x [A] x ... x [A,]#) = TT {9(cos 6, cos 0,,..., cos 9,)}, 
where the sum and product are taken over all the possible combina- 
tions of cos @,, cos 6,..., cos 6,. Hence, 


b{> ([A,]™ x... x [A,]@#)} 

is expressible in terms of monomial symmetric functions of cos 4,...., 
cos §,, with positive integral coefficients, and can be expressed linearly 
in terms of the characters of A. As for Theorem II, it follows imme- 
diately that ¢(A‘™) can be expressed linearly in terms of the characters 
of A, with positive integral coefficients. 

If A is an (n = 2v+1)-rowed orthogonal matrix of positive deter- 
minant, it can be written in the form 


A= A,+[l], 


where A, is an (n = 2v)-rowed orthogonal matrix. Hence we have 
Am — fiji Fae. 
p=1 


From the above, it follows immediately that ¢(A'™) is expressible 
linearly in terms of the characters of A, with positive integral coefficients. 
If A is an (n = 2v+1)-rowed orthogonal matrix of negative deter- 


minant, then Nk 
Am = [(—1)"]+ ¥ (—1m-v4y, 
p=1 


and hence ¢(A‘”)) = 0 if m is odd, and ¢(A™) can be expressed linearly 
n terms of the characters of A with integral coefficients, if m is even. 
Thus the theorem is proved. 
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Theorems II and V are important since they verify that a spin 
representation of a matrix representation of an orthogonal group is 
expressible in terms of the true and the spin representations of the 
orthogonal group. Whereas the theorems deal only with compound 
and induced matrices, the extension to the general case is obtainable 
from these by means of direct products and direct differences. Thus, 
the extension of the result presents no difficulty. 


I wish to express my thanks to Professor D. E. Littlewood for his 
guidance in preparing part of this paper, and for his suggestions for 
improving the presentation of the paper. 
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ON AN INEQUALITY IN PARTIAL AVERAGES 
By J. F. C. KINGMAN (Cambridge) 


[Received August 1960] 


1. ArKrnson, WATTERSON, and Moran (1) have proved the following 
inequality. If 

a,; > 0, Pp; => 9, q; > 9, 2h =FGU=1, 
and if we define 


a; = 2 45% a; = D> 45 Pis s,, = > ij PY), 
t > 
then > 45%. 4.5; Pi; > a?,. (1) 
ij 


In the present paper I give a more direct proof of this result and 
I also show that it is a special case of a much more general inequality, 
which includes also certain inequalities conjectured by Moran. 
The general inequality proved below is a consequence of the 
elementary inequality, valid for X >0,Y >0,k >1,5 X >0, 
k k 
> XY > > XY 
2x +x 
which follows from the convexity of f(z) = 2*. 





(2) 


2. I first give an alternative proof of (1). Write 
S= 2 Oj; Oj. 1.5 PEW; = Bis Mi 5 PM Vk: 
Interchanging j and k, and adding the two resulting expressions for S 
— 8 = Su Dix, ¥(4. 5 +4. 4) Diy Ue 
, > 2 hii Gig (A.5 1.4)*Pi 9; Ue 
2 
= > Pi x a,; at; qi} 
2 ‘ 
Z> (> p Ya,za',q,| » by (2) with k = 2, 
t J 
2 
se (> qj at,) 
J 
#)2 . 
>((Sae.,)} by (2) with k = 8, 
J 


= a3,, 


Quart. J. Math. Oxford (2), 12 (1961), 78-80. 
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Equality is attained when the three inequalities in the proof become 
equalities. It is readily seen that this occurs if and only if, for each i, 
either p; = 0 or a;, = a,,, and, for each j, either g; = 0 or a,; = a... 


3. We may regard a,;, a;., a.;, and a,, as partial averages of the a,; 
over different sets of indices. We may generalize this concept as 
follows. Let a;;, be a collection of non-negative numbers, and denote 
the index set (ijk...) by a. If we have non-negative numbers 7,;, q;, ... 


satisfying y= > qg=.=1 
and if (8, 8’) is a partition of « into two subsets, we may write 


Pi; oo — P, = Qp Vp. 
Then we define the partial average of a, over B’ by 


A,(B) = ~ a, Qe. (3) 
For example, if « = (ij), B = (4), 
A;,(B) = 2 45 qj = %.- 
Thus, if 8 = a, A,(B) = a,, and, if B is empty, 
A,(B) = Sa,P, =a (say). 
We note that, for any r > 0, 
% ta Pa As(B) = ¥ OpAalB) ¥ 4uQp, since A,(f) depends only 
: on those indices in £, 
=F Az*XB) > (z Qp4.(6)|""', from (2), 
= arn, 
We are now in a position to prove the theorem: 


THEOREM. Let A,(n) (n = 1,2,...) be partial averages of a,, and let 
d,, be non-negative numbers. Then 


S = Sa, P, T] A*(n) > @™. (4) 
Proof. Let A = >A, and let x, = A,,/A. We need only consider the 
case d > 0, A > Osirice otherwise the inequality is trivially true. Then, 
since TI 4%(n) = lim| Sy A5(n)}”, 
n r—>0' n 
S = limS,, 


r—0 
Alr 


where A =a, P,{ YK, A(n)) > 
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For 0 < r < A we can apply (2) to give 


5 (Say Pa Sy Azlnyla} 
ie [a Sky (Ya. P, At z(n))}” 


- ~ Alr i 
> (a > K,a| = ga. 
n 


Letting r > 0 we get 88> #4, 
Since this proof depends on a limiting process, the cases of equality 


cannot be identified directly. 
By taking « to contain different numbers of indices, we obtain a series 


of inequalities, of which the first two are 
> aj aay p,q, > art, (5) 
tJ 


> abi, als, adj. ads, ar, 0%, 0%. 9.9; 7, > attr. (6) 

atk 
The inequalities conjectured by Moran are obtained by taking appro- 
priate values for the A,. For example, with A, = A; = A, = A, = 0, 


a‘ 
San, a, je Geek Pi Vj le ZS eoee 
i,j,k 
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